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1 INTRODUCTION

1 Introduction

1.1 Resumé (Dansk)

Dette projekt omhandler koinduktive aksiomatiseringer af typeegenskaber, med fokus pa sub-
typning af xml-typer.
Projektet kan opdeles i tre dele.

Fgrste del af projektet definerer problemet formelt.

I denne del del definerer vi xml-sekvenser, xml-typer og xml-data. Vi definerer semantikken af
en xml-type som de xml-sekvenser den accepterer, og definerer hvordan vi givet en xml-type
kan bruge xml-data til at beskrive hver enkelt af de xml-sekvenser den accepterer.

Til slut defineres subtypning af xml-typer ud fra deres semantik.

Anden del af projektet definerer en lgsning pa subtypnings-problemet, og vise at den sund og
fuldsteendig.

I denne del beskriver vi en metode til at lave en xml-type om til en form, der direkte beskriver
hovede og hale af de xml-sekvenser den accepterer.

Vi bruger denne metode til at definere afledte af en xml-type, og udnytter endeligheden af de
afledte til at definere en sund og fuldsteendig aksiomatisering af subtypning for xml-typer.
Nar dette er gjort definerer vi en oversattelse (coercions) fra afledninger af subtypning af
xml-typer til funktioner, der oversasetter xml-data for den fgrste type til den anden type.

Til slut viser vi, at de overseettelser der bliver konstruerede er sunde og fuldstaendige, og at
deres kgretid som funktion af stgrrelsen af xml-data er begraenset af et 4.grads polynomium.

Tredje del af projektet implementerer of afprgver lgsningen.
I denne del implementerer vi systemet i SML, og laver en mindre afprgvning af implementa-
tionen.
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1.2 Summary (English)

This project addresses the subject of coinductive axiomatizations of type properties, and it
focuses on subtyping of xml-types.
The project contains three parts.

The first part formally defines the problem.

In this part xml-sequences, xml-types and xml-data are defined. The semantics of an xml-
type is defined as the set of xml-sequences that inhabit it, and it is defined how we for any
xml-type can use xml-data to describe any xml-sequence that inhabit it.

Finally subtyping of xml-types is defined using their semantics.

The second part defines a solution to the subtyping problem, and proves that it is sound
and complete.

In this part we define a method to split the xml-type into a form that directly describes the
heads and tails of the xml-sequences that inhabit it.

We use this method to define derivatives of xml-types, and use the finiteness of the derivatives
to define a sound and complete axiomatization of subtyping of xml-types.

When this is done, we define a way to translate a derivation of subtyping into a function that
convert xml-data for the specialized type to xml-data for the generalized type using coercions.
Finally we show that the defined conversions are sound and complete, and that their run-
ningtime as a function of the size of the xml-data is limited by a 4th degree polynomial.

The third part implements the solution in SML and tests the implementation.
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1.3 Prerequisites

In order to fully understand the proof and the theoretic results in this project, the reader
needs to be familiar with the following subjects.

e The type theory from [TAPL, Chapter I - IV].

e Mathematics corresponding to a mathematical bachelors degree.

1.4 Notation

Most of the notation in this project will be introduced the first time it is used, but it seems
appropriate to introduce the following definitions before we start.

If t is an element of an abstract grammar, we will use the notation |¢| to denote the size
of the element (the number of constructors used to create the element).

When defining functions, we will use a mixture of SML and mathematical notation.

There are two exceptions to this.

One exception is that we will use something similar to Haskell notation to define lists in the
same way as we define sets. An example of this could be the expression

LQ:[2-n|nEL1]

and this defines Ly as the list that contains the elements of L; multiplied by 2, preserving
the order of the elements.

The other exception is that we will use the well known fix expression when we define coer-
cions.

1.4.1 The error element: T

Some functions need the possibility of stopping execution, and return an error, if it cannot
do anything meaningful with the given arguments.

This can be solved by letting the function be undefined on the meaningless arguments.

In this project, this is done using an error element T and let — in — end expressions.

An expression of the form
let x1 = exp;, T2 = expy in exp end

evaluates by first evaluating exp; and exp,. If one of the expressions evaluates to T then the
entire expression evaluates to T.

If none of the expressions evaluate to T then exp is evaluated, with x; replaced by the result
of exp; and x3 replaced by the result of exp,. The result of the entire expression is the result
of exp.

Example 1.1
If we try to evaluate
let x1 = true,xo = T in x1 A T2 end
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we get that the expression for xo is T and therefore the entire expression evaluates to T.
If we try to evaluate
let x1 = true,xo = T in xq1 end

we also get that the expression for xo is T and therefore the entire expression evaluates to T
even though x4 is never used.
If we try to evaluate

let x1 = true,xo = false in T end
we get that neither the expression for x1 nor xo evaluate to T and therefore we need to look

at the contained expression, but since it is T the entire expression evaluates to T.

Finally, if we try to evaluate
let x1 = true,zo = false in x1 N\ x9 end

we get that neither the expression for x1 nor x9 evaluate to T and therefore we need to look at
the contained expression, 1 Axo. Therefore the entire expression evaluates to true/\false =
false.
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2 Xml-sequences and Xml-types

In this section, we define xml-sequences and xml-types. We also provide some examples to
give an intuitive understanding of xml-sequences and xml-types.

We start by defining xml-sequences.

Definition 2.1
The set XMLSeq of xml-sequences contains exactly the elements that can be constructed
using the following grammar

x u=¢ | <I>x1</l>19

where [ can be any element from a countable infinite set XMLTag of tagnames.

In the constructor <1>x1</1>xo it is important to note that the start tag, and the end
tag must be use the same tagname.

The xml-sequence ¢ is the empty sequence.
The xml-sequence <I>x1</l>x9 is the sequence where the first element (the head) is a tree
named | that contains the xml-sequence x1, and the rest of the sequence (the tail) is xo.

We observe, that this definition can be extended with simple values such as integers and
strings. One way to do that is by extending the syntax of xml-sequences to the following

7 =g | <D>ai</I>ah | <I>s</1>xly | <I>i</1>)

where s can be any element from the set of quoted strings, and ¢ can be any element from N.

In order to limit the number of cases in the proofs, we will only consider the original definition
of xml-sequences.

An xml-sequence is a way to store data in a structured way. The following example shows an
xml-sequence, together with a graphical illustration.

Example 2.2 (A simple xml-sequence)
Consider the following xml-sequence

x = <gender><male>c</male>c</gender><age><s>c</s><s>c</s><s>c</s>c</age>c.

In Figure 1 we have visualized x.

We see, that there are two main trees. The first is named gender, and the second is named
age.

The gender tree has one empty sub-tree named male, while

the age tree has a sequence of empty sub-trees, all named s.

There are many ways to interpret this xml-sequence. One way is that it contains data about
a person (A male of age 3).

For our purpose, the interpretation is not important.

The main thing is that xml-sequences represent data in a tree-structured way.
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gender ~age

mal e s/s

Figure 1: A graphical illustration of the xml-sequence in this example.

Next we define xml-types.

Definition 2.3
The set XMLType-unrestricted of unrestricted xml-types contain exactly the elements
that can be constructed using the following grammar

t,u =0 | 1 | l<t1> |t1t2 | t1 + 1o | uX.t |X

where | can be any element from XMLTag, and X can be any element from a countable
infinite set Vars of variable names.

The binding priorities of the xml-type constructors are as follows.
t1to binds tighter than t, + to which binds tighter than puX.ty.

An xml-type of the form uX.ty is called a u-type.

As usual types represent sets of elements (xml-sequences).

0 is the empty (uninhabited) xml-type.

1 is the unit type. The only element of type 1 is €.

[{t1) represents the set of xml-sequences consisting of a single tree named [, containing a
subtree of type t;.

The sequence xml-type t1t9 is the set of xml-sequences, that can be split into two sequences,
where the first is of type t; and the second of type ts.

The sum xml-type t1 4 to is the union of ¢; and ts.

Finally pX .t1 is a recursive xml-type, which we must unfold in order to find the xml-sequences
it contains.

We define the formal semantics of an xml-type as the set of xml-sequences that inhabit
it in Section 4.

Example 2.4 (An xml-type)

t = gender(male(l) + female(l))age(uX.1 + s(1)X).
We now give an intuitive explanation of what kind of xml-sequences that inhabits this xml-
type.

10
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We see that xml-sequences of type t must have exactly two trees, gender and age.

The gender tree must have exactly one of two sub-trees. It can either be an empty tree
named male or an empty tree named female.

The age tree must contain an xml-sequence of type pX.1 + s(1)X.

Since this is a pi—type we unfold it, so the xml-sequence must be of type 14+s(1)uX.1+s(1)X.
This means that it must either be the empty xml-sequence, or an xml-sequence starting with
an empty tree named s followed by an xml-sequence of type pX.1+ s(1)X.

We can now see, that the content of the age tree must be an xml-sequence of zero or more
empty trees named s.

This explains intuitively what xml-sequences of this type must fulfill, and we can check that
the xml-sequence from Example 2.2 fulfills this, and therefore that xml-sequence intuitively
inhabits this xml-type.

We will use a variation of the well known notion of free variables in a term.
The variation is that we do not include variables that are inside a tree. It is defined as below.

Definition 2.5 (Unguarded Free Variables)

fv’(0) = {}
fV’(l) = {}
v(X) = {X}
(( 1)) = {} //This is the variation.
v’ (tita) = fv(t1) U v’ (ta)
(t1—|—752) = fv’(t1) U fv’(t2)
fv(pX.t) = fv’(t)\{X}

We will use this variation of free variables to define tail-recursive xml-types.
If we use the traditional definition of free variables to do this, the definition of tail-recursive
xml-types will be too restrictive.

We will still use the common notion of free variables (where £v(I(t1)) = £v(¢1)) in some places.
We write fv(t) for the free variables in ¢.

Definition 2.6 (Tail Recursiveness)
We define tr, where x is a finite set of variables by structural induction on t.

tr,(0) = true
try(l) = true
er(t) = try(t)
try(tita) = fv’(t1) Nx = {} Atry(t) A try(ta)
try(ti +t2) = try(ti) Atry(ta)
tr (uX.t1) = tryoxy(t)
try(X) = true

11
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We now define
tr(t) = tr{}(t).
We require for all xml-types that tr(t) = true.

We now give some examples to illustrate this property.

Example 2.7 (A tail-recursive xml-type)
Consider the xml-type
t=pX1+ (X)X

We now evaluate tr(t).

tr(pX. 1+ 1(X)X) = trgpX1+(X)X)

trixy(1+ 1{X)X)

trixy (1) A troxy ({X)X)

trixy (I{(X)X)

£ (X)) N X = [} A gy () A b (X)
00X = [ A g (X)) A trpx (X)
trix}(I{X)) A trixy (X)

trix) (X) A trixy(X)

true A tryxy(X)

tryxy(X)

= true

Therefore t is a tail-recursive xml-type.

Example 2.8 (A non tail-recursive type)
If we consider the type t = pX.1 4+ (I1(1)(X12(1))).

We can start by evaluating tr(t).

tr(pX.1+ ((1)(X12(1)))) = try(pX.d+ (G(1)(X12(1))))

tryxy (1 + (1 (1) (X12(1))))

trixy (1) A troxy (1 (1) (X12(1)))
trixy (L (1) (X12(1)))

£fv2 (L (1) N{X} = {} A trxy (1) A trpxy (Xia(1))
trixy([(1)) A trixy (Xia(1))

trixy(1) A trpxy(Xla(1))

trix) (Xla(1))

v (X) N{X} = {} A trxa (X) A trpxg (12(1))
false A tr{X}(X) A tr{X}(lg<1>)

= false

So according to the definition, t is not a tail-recursive xml-type.

12
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The reason why we do not allow these xml-types is not that they don’t make any sense.
Non tail-recursive xml-types are useful, and can describe some sets of xml-sequences that
cannot be described using tail-recursive xml-types. uX.1+ (11(1)(Xl2(1))) is a good example
of this, because it describes all the xml-sequences that start with a number of <l1>¢</l1>
trees, and ends with the same number of <ly>e</ly> trees. This relation between the number
of trees cannot be described using tail-recursive xml-types.

If we want to use a tail-recursive xml-type that allows these xml-sequences, we have to use
something like (1X.1 4 1;(1)X)(pX.1 + 5(1)X), which allows more xml-sequences than the
non tail-recursive version.

We want to decide subtyping of xml-types.

The reason why we only allow tail-recursive xml-types is that the original problem is unde-
cidable.

The reason for this is that [HVP] states that subtyping of xml-types is equivalent to language
inclusion of context free languages, and [HVP] cites [HU79] to have proved that this is unde-
cidable.

Definition 2.9 (Contractiveness)
We will require all xml-types to be contractive.
This property is defined using the following function.

contractive(0) = true

contractive(l) = true

contractive(l(ty) contractive(t;

(
contractive(tity contractive(ty) A contractive(ts)
(t1

(

(

(

contractive

contractive(t; + ta A contractive(ts)

contractive(uX.l{t1) contractive

ty

contractive(t;

contractive(uX.tito N contractive(ts)

~— N ~— ~—

contractive(uX.t; + to

contractive(t;) A contractive(ts)

)
)
)
)
)
)
)
)

contractive(X) = true

contractive(.) = false

We can see from the definition of contractive that all we require is that the xml-type does
not contain any sub-term of the form pX.0, uX.1, uX.Y or uX.uY.t'.

Terms that contain these sub-terms are not necessary, because there always exist simpler,
contractive xml-types that describe the same sets of xml-sequences.

Definition 2.10

The set XMLType contain exactly the elements in XMLType-unrestricted that are tail-
recursive and contractive.

This means that

t € XMLType < t € XMLType-unrestricted A tr(t) A contractive(t).
We will use both t and u to represent xml-types, and we will declare it explicitly if we use

unrestricted xml-types.

13
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It is worth noting, that the definition of xml-types easily can be extended with simple types
as integer and string.

t =01 1{t) | I(string) | [{(int) | t\th | ) +th | pX.t] | X
In order to limit the number of cases in the proofs, we will not consider these types.

Much like [CA-REG], we need to generalize our types to sets of types, in order to ensure
that we can generate finite proof trees.

In this case, it is convenient to represent them as lists of types.

This leads to the following definition.

Definition 2.11

XMLTypes = XMLType list

We will use T' and U to represent elements of XMLTypes.

We could have chosen to have generalized the xml-types to sets of xml-types instead of lists
of xml-types, and this would save us a lot of bookkeeping in some of the proofs.

But the extra informations in the lists become necessary because we want to work with xml-
data that uses an xml-type to describe an xml-sequence.

Therefore we have to endure the extra bookkeeping, so that the data can refer to the exact
xml-type.

We have now introduced xml-sequences and xml-types and given examples of how they are
interpreted.

14
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3 Substitution and a-equivalence

We have now introduced xml-types.

Substitution plays an important role in xml-types, since we have to unfold p-terms in order
to understand their semantics.

We use t[t’/X] to denote the result of replacing free occurrences of X in ¢ with ¢'.

We use capture avoiding substitution, which means that if a variable is free in ¢’ then it must
not be bound in the result. To ensure this, it is necessary to use renaming of bound variables.

In many cases it is sufficient to have an intuitive understanding of substitution, but in this
project, we will need to use some properties of the substitution that are not easy to justify
using just an intuitive definition.

Therefore we introduce the following definition of capture avoiding substitution.

Definition 3.1 (Substitution)
We define t[t'/X] by induction on |t|.

0t/X] = 0
1t'/X] = 1
e = (e
[t/ X] = Utalt'/X])
tita[t'/X] = (ta[t'/X])(t2[t'/ X])
ti+L[t'/X] = (tlt'/X]) + (L[t'/X])
pY [t/ X] = wZ.(1[Z)Y][t'/X]) where Z ¢ fv(t') U fv(uY.t;) U {X}

We have defined t[t'/X] by induction on |t|, so we have to consider the final case, since sub-
stitution is used recursively on t1[Z/Y] instead of just on t;.
It is however clear that |t1[Z/Y]| = |t1| and therefore this is acceptable.

Notice that tito[t'/X] = (t1t2)[t'/X], t1 + t2[t'/X] = (t1 + t2)[t'/X] and pY..1[t'/X] =
(uY.ty)[t'/ X]. We will write t1(t2[t'/X]), t1 + (t2[t'/X]) and pY.(t1[t'/X]) otherwise.

We notice that we need to select an unused variable in the final case.

This can make the substitution non-deterministic, although only up to a-equivalence, which
we define below.

We can fix this by ordering the variables, and make the substitution use the first variable
that fulfills the requirement.

It is however more convenient to relax the equality of xml-types to consider xml-types as
equal even though some bound variables have been renamed.

Therefore we introduce the following relation on xml-types, and use this to define equality on
xml-types.

15
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Definition 3.2 (a-equivalence)
Two xml-types t,t” are a-equivalent if and only if -t = t', where - - = - is defined by.

equiv-0————

FO=0
equiviT—o-
= tl = tll

equiv-tree

Fi(t) = 1(t)

Ft = tll Fity = té
= t1t2 = tlltlz

equiv-seq
Ftp =t Fila=t
Ft+to =t + 1t

FtlZ/X] =t)[2)Y]
FuX.t = pYd]

equiv-sum

equiv-mu Z ¢ fv(t)) U fv(t))

CIVTVATY =X

This definition of substitution and « equivalence is very close to and clearly equivalent to the
one used in [P75] for the A-calculus. In [P75] they cite [CF58] to have proved that this is a
good definition.

We have not been able to find a copy of [CF58], so it is not clear exactly what they mean by
a good definition®, but this must include that a-equivalence is an equivalence-relation, and
that the substitution is well-defined.

Since - = - is an equivalence-relation, [MAT2AL, Tal 6.5] yields that we can consider
types equal up to a-equivalence.
We will therefore write ¢t = ¢’ if and only if - ¢ =¢'.

Now we can see that the u-case in the definition of substitution does not change the u-term,
it only chooses a representation of the p-term, where the substitution can proceed without
capturing free variables.

Strictly speaking, we will have to check that all functions that takes xml-types as arguments
are well-defined in the way that if the function is given the same arguments (a-equivalent
xml-types) then it returns the same result.

We will not prove this for all the functions we define, but we will now prove it for the substi-
tution.

Since this result is well-known, some details in the following proof have been left out.

YTAPL] has a good introduction to the properties we should expect from substitution and a-equivalence.

16



3 SUBSTITUTION AND a-EQUIVALENCE

Lemma 3.3 (Substitution is well-defined)

Ft=to At =t =t/ X] = t,t,/X]

This is proved in Proof 19.1 on page 76.

We have now defined substitution and a-equivalence for xml-types.
We will now prove a lemma, that is used many times in the rest of this project.

Lemma 3.4 (Commutation of substitutions)
X#YANX ¢ fv(ty) = ttx/X]ty/Y] = tlty /Y ][tx[ty /Y ]/ X]
This is proved in proof 19.2 on page 77.

A final note on substitution is that if ¢ and ¢’ are tail recursive and contractive then ¢[t'/ X]
is also tail recursive and contractive.
This can be proved by induction on [t|.

We have now defined substitution and a-equivalence, and we are therefore ready to define
the semantics of xml-types.

17
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4 Semantics of Xml-types

In this section we define the semantics of xml-types as the set of xml-sequences that inhabits
it.

Then we generalize the semantics to lists of xml-types, and use that to express the semantical
subtype property we wish to investigate.

Before we define the semantics of xml-types we need to define appending of two xml-sequences,
much like appending of lists in [SML].

Definition 4.1
We define x1 x9 € XMLSeq for all x1,xo € XMLSeq by structural induction on x1.

E X2 = I2

(<I>x11</1>T19) T3 = <I>x11</1>(x12 22)

It is easy to see that ©1 19 = ¢ & x1 = 29 = €.
We get by structural induction that
TE =

1 (xe x3) = (x1 22) 73.
Below we give a big-step semantics of xml-types.
Definition 4.2 (inhabits)
We define the binary relation - x inhabits t where x € XMLSeq and t € XMLType by

F x1 inhabits t;
b <1>r1</1>c inhabits [{t1)

in-tree

in-1
T inhabits 1

F x1 inhabitst; |+ x9 inhabits iy

in-se
4 - %, 2o inhabits ity

) F x1 inhabits t; ) F xo9 inhabits tg
in-suml - - in-sum2 - -
F 21 inhabits t1 + ts F x9 inhabits t1 + to

bz, inhabits t;[uX.t1/X]
F 21 inhabits puX.t;

in-mu

We can now define the set of xml-sequences that inhabits an xml-type in the following way.

Definition 4.3 (Semantics of xml-types)
We define in[t] as the set of xml-sequences that inhabits t for all t € XMLType.

inft] = {x |F = inhabits t}
Observation 4.4 (Semantics is well-defined)

Ft =t = in[t] = in[t']

FEach inclusion can be proved by induction on the derivation of - x inhabits t.

18
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We have now defined the semantics of an xml-type.
We now give an example of this semantics, by finding the set of xml-sequences that inhabits
an xml-type.

Example 4.5
We will now find the semantics of the following contractive and tail-recursive xml-type.

t=puX.1+1(X)X.

This means that we will determine what xml-sequences that inhabit t.

Since t is a p-term, we need to unfold it, to find the xml-sequences that inhabit it.

We therefore need to determine what xml-sequences that inhabits the unfolded xml-type
1+ 1(t)t.

This xml-type is of the form t1 + to and therefore we need to find the xml-sequences that
inhabit either t1 or to.

It is easy to find the xml-sequences that inhabit t; = 1 since this is exactly the empty
xml-sequence .

The xml-sequences that inhabits to = [(t)t are xml-sequences of the form <1>x1</1>xy where
x9 and xo inhabit t.

Therefore the xml-sequences that inhabit t are ¢ and xml-sequences of the form <1>x1</1>xo
where x1, xo inhabit t.

This means that the xml-sequences that inhabit t are ¢, <1>¢</1>¢, <1><1></1>¢</1>¢,
<1></1><1>c</1>¢ and so on.

There are many equivalent ways to define the semantics of xml-types, and our definition
has been chosen in order to prove the correspondence with the tagging function in Section
6 as efficiently as possible, without actually using the tagging function to define the semantics.

An alternative way to define the semantics could be the following denotational semantics,
which is equivalent to the above.

Comment 4.6
This is a denotational semantics, equivalent to the above operational semantics.

inf0]; = {}

in[1]; = {e}
in[l(t1)]; = {<1>x1</1> |x1 € inft1]s}
inftito]y = {x1 x| 21 € infti]f Axo € infta] s}
in[[t1 + tg]]f = {1‘1 | 1 € in[[tl]]f} U {1‘2 | X9 € in[[tQ]]f}
in[pX.ti]y = U in[[tl]]fi where f0= f1X —{}] andf't! = fIX— in[[tl]]fi]
i=0

in[X]; = f(X)
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We now define the semantics for lists of xml-types.

Definition 4.7
We define IN[T] for all T € XMLTypes by induction on the length of T'.

[l = {}

IN[[tl o Tl]] = in[[tl]] U IN[[Tl]]

We observe that the semantics of a list of xml-types is the union of the semantics of its
elements.
We will now formalize and prove this observation.

Definition 4.8 (Translating lists to sets)

—

I ={

Tmxs = {z}UTs

Lemma 4.9

INT] = uin[[t]]

We prove this by induction on the length of the list T

Start: T = ||
In this case IN[T] = {} = Ueqy in[t] = U7 1n[t].

Induction Hypothesis:
If T =ty :: Th then we can assume that IN[T1] = U,z in[t].

Step: T =1t1 =11
In this case the equality can be proved by the following rewritings.
IN[[T]] = IN[[tl . Tl]]
= in[[tl]] @] IN[[Tl]]
(IH) = in[ti]u | in[t]

teTy

= U inft]

te{t1 JUTY

= | in[f]

tety:T

Now we are ready to define the semantical subtyping problem for lists of xml-types in the
following way.
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Definition 4.10
FT<:Ty, & IN[[Tl]] - IN[[TQ]]

We have now defined semantics for xml-types and lists of xml-types, and seen that the def-
inition of the semantics of lists of xml-types matches the intuitive understanding, that an
xml-sequence inhabits a list of xml-types if and only if it inhabits one of its xml-type ele-
ments.

Finally we used the semantics of lists of xml-types to express the semantical subtype property.
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5 Xml-data

We have now introduced xml-sequences and xml-types.

We will in this section introduce type-specific representations of xml-sequences.
Type-specific representations are bound to an xml-type, and are used to represent an xml-
sequence in the semantics of that xml-type. The type-specific representation holds the infor-
mation necessary to describe the exact xml-sequence it represents.

If the xml-type is of the form t; 4 to this representation must describe if the data uses the
type t1 or ta.

Also the data must include the values in the leaf nodes, but since the type systems only allow
the unit type in the leaves, there is only one possible value.

The type-specific representation does not need to hold information about the used tag-names,
since they can be found in the xml-type.

We will now define the language of the type-specific representations for xml-types.

Definition 5.1
The set XMLData of type-specific representations of xml-sequences for xml-types contains
exactly the elements that can be constructed using the following grammar

di:=e | <d1> | d1d2 | d1<> | <>d2

e is used for the xml-type 1, and represents the empty xml-sequence.

(dy) is used for xml-types of the form [{t1), and represents <1>x1</1> where di represents
xq for ti.

dids is used for xml-types of the form tits, and represents x1 xo when dy represents x1 for tq
and dsy represents o for to.

dq¢ is used for xml-types of the form ti 4+ to, and represents x1 when dq represents x1 for t.
ody is used for xml-types of the form t1 + to, and represents xo when do represents xo for to.

This means that given an xml-type, xml-data can be used to represent the xml-sequences
that inhabits that type.

The following example will illustrate this, and give some idea of how we combine an xml-type
with xml-data to obtain an xml-sequence.

Example 5.2 (An example of xml-data)
We consider

d = ((o)o)(o((e)(o((®)(o((e)(#)))))))
and
t = gender(male(l) + female(l))age(uX.1 + s(1).X)

from Example 2.4.
Now we will try to deduce in an intuitive way what xml-sequence d represents.

Since t is of the form (I;(t1))(l2(t2)), and d is of the form (d;)(d2), we know that the re-
sulting xml-sequence consists of two trees, the first one named gender, because l; = gender
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and the second one named age, because ly = age.

The content of the gender tree is the xml-sequence we get by combining di = (e)¢ with
t; = male(l) + female(l). Since t; is of the form t11 + t12 and d; is of the form dj;¢ the
result is the same as combining t11 = male(l) with di; = (e).

The result of this is a single tree named male and the content of this we get by combining e
with 1 and this is the empty xml-sequence €.

We have now found that the first tree must be <gender><male>:c</male>c</gender>c.

We get the content of the second tree by combining dy = o((e)(o((e)(c((e)(e0)))))) with
to = ,LLX.l + S<1>X.

Since t9 is a p-term, we must unfold it in order to continue.

We therefore use th, = (1 + s(1)X)[uX.1 + s(1)/X] =1+ s(1)ts.

Since dg is of the form ods and t!, is of the form to) + too we get that the result is the same
as we get by combining doo with tos.

The result of this starts with a tree named s, and the content of this is €.

In the same way we get that there are two more empty trees named s in this sequence, and
the rest of the xml-sequence is the result of combining da3 = o with to = uX.1 + s(1)X.
Again we must unfold ty to ty = 1+ s(1)t5 in order to continue.

Since dag is of the form e and t}, is of the form tog + to4 the result is the same as combining
e with to3 = 1 and this is the empty xml-sequence €.

We can now combine these results to obtain the entire xml-sequence and this is
<gender><male>c</male>c</gender><age><s>c</s><s>c</s><s>e</s>c</age>e,

which is the xmli-sequence from Example 2.2.

This Example is shown more formally in Example 6.4.

It is worth noting, that the definition of xml-data easily can be extended with simple types
of data as integers and strings. One way to do this could be to extend the definition to

d = | {dy) | (s) | (i) | didy | dyo | ody

where s can be any element from the set of quoted strings, and ¢ can be any element from N.

In order to limit the number of cases in the proofs, we will only consider the original definition
of xml-data.

We are now ready to define the type-specific representations for lists of xml-types.
Data for a list of xml-types should include the position of the exact xml-type in the list, and
the actual xml-data.

Definition 5.3

XMLDatas = N x XMLData
We will use D to represent elements of XMLDatas.
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5 XML-DATA

We have now defined the language of type-specific representations of xml-sequences for xml-
types and lists of xml-types.
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6 TAGGING

6 Tagging

We will in this section define how to create an xml-sequence from an xml-type and a type-
specific representation.

We will then prove that the semantics of an xml-type contains exactly the xml-sequences that
can be represented for that xml-type.

We will start by defining a degenerated size-function for xml-types.

Definition 6.1

ismu(t) = 1 ift is of the form pX.t'
| 0 otherwise

We are now ready to define the tagging function.

Definition 6.2 (tag)
We will now define tag(t,d) by induction on 2 - |d| + ismu(t).

fun tag(1l ,®) = ¢
| tag(l(t1> ,<d1>) = letx = tag(tl,dl) in <I>x1</l>c end
| tag(tits ydidy) = let xy = tag(ti,dy), zo = tag(te,d2) in x1 x2 end
/ tag(t1 +ty d1<>) = tag(tl, dl)
/ tag(tl + 12 ,<>d2) = tag(tg, dg)
| tag(pX.t1 ,d) = tag(ti[uX.t1/X],d)
| tag(- y o) = T

Observation 6.3 (tag is well-defined)
If-t =t then tag(t,d) = tag(t’,d). This can be proved by induction on 2 - |d| + ismu(t).

Before we prove that the tag function is sound and complete with respect to the semantics
of an xml-type, we will show an example of how tag works.

Example 6.4 (Tagging)
We consider the type t = gender(male(l)+ female(l))age(uX.1+ s(1)X) from Example 2.4,
and the data d = ((e)o)(o(e)(o(e)(c(e)(e0)))) from Example 5.2.
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We will now execute tag(t,d).
tag(t,d) = tag(gender(male(l) + female(l))age(uX.1+ s(1)X),
((#)0) (o(0) (o(s) (0(s) (0)))))
= let x; = tag(gender{male(l) + female(l)), ((e))),
v2 = taglage(uX.1 + s(1)X), (o{s} (c(e)(o(s) (+0))))
in x1 xoend
= let w1 = let x|} = tag(male(l) + female(l), (8)o)
in <gender>r </gender>cend,
12 = tag(age(uX.1 + s(1)X), (o(s)(c(e)(o(s) (+0)))
in x1 xoend
= let x1 = let | = tag(male(l), (o))
in <gender>r' </gender>cend,
r2 = tag(age(uX.1 + s(1)X), (o{s) (c(e)(o(s) (+0))))

in x1 x9end

= let z; = let x| = <male>c</male>c
in <gender>r' </gender>cend,
zs = tag(age(uX.1 + (1) X), (o(s) (o(s)(o(#)(s0)))))
in x1 x9end
= let 1 = <gender><male>c</male>c</gender>e,
zs = tag(age(uX.1 + s(1)X), (o(s)(o(s)(o(#)(s0)))))
in x1 xoend
= let xy = <gender><male>:c</male>:</gender>e,
Ty = let x5 = tag(uX.1 + s(1) X, o(e)(c(e)(c(e)(e0))))
in<age>r,</age>c end
in x1 xoend
= let 1 = <gender><male>c</male>c</gender>e,
Ty = let 75 = tag(l + s(1)(uX.1 + s(1)X), o(e)(c(e)(c(e)(e0))))
in<age>r</age>c end
in x1 x9end
= let 1 = <gender><male>c</male>c</gender>e,
19 = let 75 = tag(s(1)uX.1 4 s(1)X, (e)(c(e)(c(e)(e0))))
in<age>r,</age>c end
in x1 xoend
= let xy = <gender><male>:c</male>:</gender>e,
1o = let 7 = let w91 = tag(s(l), (e)),
x99 = tag(pX.1+ s(1) X, o(e)(c(e)(e0)))
in o1 Tooend
in <age>r</age>c end
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6 TAGGING

= let x1 = <gender><male>c</male>c</gender>e,
xo = let 74 = let wo) = <s>e</8>¢,
Tog = <8>c</8><s>e</s>€
in x91 xooend
in <age>r,</age>c end
in x1 x9end
= let w1 = <gender><male>c</male>:</gender>c,
To = let T = <s>e</5><s>e</s><s>c</s>€
in <age>w,</age>c end
in x1 xr9end
= let 1 = <gender><male>c</male>c</gender>e,
To = <age><s>e</s><s>e</5><8>c</s>c</age>c
in x1 xr9end
= <gender><male>c</male>c</gender><age><s>c</s><s>c</s><s></s></age>c.

We can therefore see, that d is the type-specific representation of the xml-sequence from
Example 2.2 for the type t.

The tag function can fail, if the given type-specific representation does not match the given
xml-type, or if the given xml-type is not contractive. We will now show this in an example.

Example 6.5 (Tagging errors)
The first case where tag fails is if the xml-data and the xml-type does not match.
There are many examples of this, but we will look at the following case.

t=14+1 and d=oe.

In this case tag(t,d) only matches the final case, and therefore tag(t,d) = T.

Another example where tag fails is if it is given an unrestricted xml-type that is not contrac-
tive. In this case there is a possibility that the tag function will go into a never-ending loop.
We will consider the following case.

t=uX.X and d=o.

In this case tag(t,d) = tag(uX.X,d) = tag(X|[puX.X/X],d) = tag(pX.X,d).
Therefore tag(t,d) never terminates.

Now we can describe the semantics of an xml-type by using tag, because it is exactly the
xml-sequences that can be obtained by tagging it with some xml-data.

Now we will prove this in the following soundness and completeness theorems for tag.

Theorem 6.6 (Soundness of tag)

tag(t,d) # T =F tag(t,d) inhabitst
This is proved in Proof 19.3 on page 80.
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Theorem 6.7 (Completeness of tag)

F x inhabits t = 3Jd.tag(t,d) ==
This is proved in Poof 19.4 on page 81.
Now we collect the results in the following corollary.
Corollary 6.8 (Correctness of tag)

inft] = {x € XMLSeq | 3d € XMLData.tag(t,d) = x}

We prove each inclusion of this equality separately.

If x € in[t] then + = inhabits t. Therefore Theorem 6.7 yields that there is a d such
that tag(t,d) = x.
Therefore x € {x € XMLSeq | 3d € XMLData.tag(t,d) = x}.

If x € {x € XMLSeq | 3d € XMLData.tag(t,d) = x} then there is a d such that
tag(t,d) = x # T and therefore Theorem 6.6 yields that - x inhabits x and therefore
x € in[t].

We have now proved both inclusions and can therefore conclude that

inft] = {x € XMLSeq | 3d € XMLData.tag(t,d) = x}.

Now we are ready to generalize tagging to lists of types.

Definition 6.9

TAG(tl =T, (0, d)) = tag(tl, d)
TAG(tl =T, (n, d)) TAG(Tl, (TL -1, d))
TAG([], (n,d)) = T

We see that TAG(T, (n,d)) works by finding the n’th element ¢ of 7" and return tag(t, d).
Since this is a simple generalization, the correctness proof follows from the correctness of the
tag function. This is done in the following corollary.

Corollary 6.10 (Correctness of TAG)

VT € XMLTypes.IN[T] = {x € XMLSeq | 3D € XMLDatas.TAG(T,D) = =}
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This is proved by the following equalities

IN[T]
(Lemma 4.9) = U in[t]
teT
(Corollary 6.8) = U {x € XMLSeq | 3d € XMLData.tag(t,d) = x}
teT
= |J{z € XMLSeq | 3d € XMLData.TAG(T' (n,d)) = =}

neN
= {z € XMLSeq | 3n € N.3d € XMLData.TAG(T, (n,d)) = x}

= {x € XMLSeq | 3D € XMLDatas.TAG(T, D) = x}.
|

We have now defined the tagging function, and generalized it to work on lists of xml-types.
We have also proved that the xml-sequences we can create with the tagging functions corre-
spond with the semantics of the xml-types.
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7 The Empty-sequence Property

[CA-REG] introduced the empty-word property as a boolean function that determines if the
empty word could be derived from the given regular expression. We need something similar
for this problem, but because we want to extend the axiomatization with translation of the
type-specific representations, it is necessary to return a proof that the empty xml-sequence is
derivable for the given type in the form of a type-specific representation of e.

This leads to the following definition.

Definition 7.1 (The empty-sequence property: esp)
We define esp(t) by structural induction on t.

esp(0) = {}
esp(l) = {e}
esp(i{t1)) = {}
esp(t1 +t2) = 1if esp(t1) # {}
then {di¢ | dy € esp(t1)}
else {ody | da € esp(t2)}

esp(tltg) = {d1d2 | dy € eSp(tl) ANdy € esp(tg)}
esp(uX.t1) = esp(ty)
esp(X) = {}

Observation 7.2 (esp is well-defined)

Ft=1t = esp(t) = esp(t')

If we generalize the observation to accept renaming of unbound variables, then it can be
proved by structural induction on t.

Next we give an example of how the empty-sequence property works.

Example 7.3
We consider the case where
t=pX.0(1)X + 1.
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In this case

esp(t)
= esp(uX.I(1)X +1)
= esp(l{1)X +1)
= {dio|dy € esp(I(1)X)} U{ody | do € esp(1)}
= {dio|dy € {dids | di € esp(I(1)) Ndy € esp(X)}} U{ods | d2 € esp(1)}
= {d1<> | dy € {d1d2 | dy € {} Ndo € {}}} U {<>d2 | dy € esp(l)}
= {dio[dy €{}} U{ods | ds € esp(1)}
= {}U{oda [ ds € esp(1)}
= {ody [ dy € {o}}
= {oe}.
Now we check that the result is valid, so we need to check that
(t,0e)
(X ()X 4+ 1,0e)
({1}t + 1,08)
= tag(l,e)

tag
= tag
= tag

Now we prove that esp is sound, but instead of proving that esp(t) # {} = ¢ € in[t], we
prove that Vd € esp(t).tag(t,d) = e.
Since Corollary 6.8 proves that in[t] = {x € XMLSeq | 3d € XMLData.tag(¢,d) = x} this

is a stronger result.

Since all recursive calls in esp(¢) uses a sub-term of ¢, this can be proved by structural in-
duction on ¢t. The only non trivial case is the u-case, and we will therefore need the following
lemma.

Lemma 7.4

tag(t,d) # T = tag(t,d) = tag(t[t'/X],d)
This is proved in Proof 19.5 on page 82.
We are now ready to prove that esp is sound.

Lemma 7.5 (Soundness of esp)

Vt € XMLType.Nd € esp(t).tag(t,d) =¢
This is proved in Proof 19.6 on page 84.
We will now prove that esp is complete.

We can again do this by structural induction on t.
The only non trivial case is the u-case, and we will therefore need the following lemmas.
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Lemma 7.6

tag(tlt'/X],d) = ¢ = tag(t,d) = ¢V 3d .tag(t',d') = e N|d'| < |d|
This is proved in Proof 19.7 on page 85.

Lemma 7.7

tag(uX.t1,d) = e = 3d.tag(t;,d') = ¢
This is proved in Proof 19.8 on pager 88.
Now we are ready to prove that esp is complete.

Lemma 7.8 (Completeness of esp)

Vt € XMLType.c € in[t] = esp(t) # {}
This is proved in Proof 19.9 on page 88.

We will now generalize the empty sequence property to work on lists of xml-types.

Definition 7.9 (ESP: XMLTypes — P(XMLDatas))

ESP([)) = {}
ESP(tl b Tl) = {(O,dl) ‘ dy € esp(tl)} U {(n + 1,d1) | (Tl,dl) € ESP(Tl)}

We will now prove that ESP is sound in the same way as esp.
Corollary 7.10 (Soundness of ESP)

VT € XMLTypes.D € ESP(T) = TAG(T,D) = ¢

We will prove this by induction on the length of T'.

Start: T = ||
In this case ESP(T) = {}, so the lemma is trivially true.

Induction Hypothesis:
If T =ty :: T} then we can assume that VD € ESP(11).TAG(T, D) = ¢.

Step: T =1t1 =T
In this case ESP(T) = {(0,d1) | d1 € esp(t1)} U{(n+1,d1) | (n,d1) € ESP(T1)}, so there are
two cases for D € ESP(T).

IfD e {(O,dl) | dl S eSp(tl)} then TAG(T,D) = TAG(tl o Tl, (O,dl)) = tag(tl,dl).
Since d; € esp(t1), Lemma 7.5 yields that tag(ti,d;) = €.

If D e {(n+1,d1) | (n,d1) € ESP(T1)} then the induction hypothesis yields that
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V(n, dl) S ESP(Tl).TAG(Tl, (n, dl)) =€.
Therefore we get that TAG(T, D) = TAG((t1 :: Th),(n+ 1,d1)) = TAG(T1, (n,d1)) = €.

We can now conclude that VT' € XMLTypes.D € ESP(T) = TAG(T,D) = ¢. n

The normal way to define completeness for ESP would be that ¢ € IN[T] = ESP(T') # {},
but we will need a stronger completeness when we get to translation of xml-data, and we will
now prove this stronger completeness.

The reason for this is that we need to ensure that we find representations of the empty xml-
sequence with all possible indices.

This makes the lemma more complex to express, which means that the induction hypoth-
esis is a bit complicated.

The main complication is however the induction step, which have to keep track of all the
indices when the induction hypothesis is used.

Lemma 7.11 (Completeness of ESP)

VT = [to, t1,...,tx) € XMLTypesVi € {0,1,...,k}.c € in[t;] = {(n,d) € ESP(T) | n =i} # {}
This is proved in Proof 19.10 on page 89.

We have now defined a function that determines the empty sequence property for xml-types
and lists of xml-types. We have proved that the functions are sound and complete.

In the case where € inhabits the given xml-type the functions return a type-specific represen-
tation of € for the given type.
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8 Type Splitting

In this section, we will introduce a central concept in the axiomatization.

This is a function that splits an xml-type into a list of xml-types that are of a desired form.
We will then generalize the type-splitting to work on lists of xml-types.

We will use Section 10 to prove in a constructive way, that the semantics except for the empty
sequence is preserved by the generalized type splitting.

In [CA-REG] the basis of the axiomatization of equality on regular expressions is the concept
of derivatives, and the type-splitting will help express the derivatives of xml-types and lists
of xml-types. It is not possible to find the derivative for every way it is possible to start an
xml-sequence, simply because it is not always the case that there are only finite many ways
to start the xml-sequences that inhabits an xml-type.

Type-splitting will help us solve this problem, because the form of the elements in the result
expresses how the inhabited xml-sequences can start, and how the xml-sequences then can
continue.

In order to define type-splitting, it is necessary to keep track of a sequence of substitutions,
and we will use a list of substitutions to represent this.

We now define this formally.

Definition 8.1
If p is a list of substitutions, then we define t[¢| by induction on the length of .

tH] =t
HuXitx/X o] = tuX tx/X][e]-

We will use dom(ip) to denote the set of variables that are substituted by .

We now define the type-splitting for xml-types.

Definition 8.2 (Type Splitting: Split,)
We now define Splitw(t) where  is a list of substitutions by structural induction on t.

Split,(0) = [
Split,(1) = I
Split,(X) = |
Split,(I{t1)) = [I{ti[¢])1]
Split,(titz) = if esp(t1)# {}
then [I(t11)(t12(2[¢])) | [{t11)t12 € Split,(t1)]@Split,,(t2)
else [I{t11)(t12(t2[¢])) | [{t11)t12 € Split,(t1)]
Split, (i) +12) = Split,(t;)@Split,(ts)
Split,(uX.t;) = Split LX ot/ X (1)
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Observation 8.3 (Split is well-defined)

Ift-t =t" and - t[p] = t'[¢'] then Split,(t) = Split,(t') If we generalize the observation to
allow renaming of unbound variables in t but not in t[p] then this observation can be proved
by structural induction on t.

It is necessary to use ¢ in Split in order to ensure that Split always terminates.
When we split an xml-type we will always use Split with the empty list of substitutions.
Therefore we will use the following definition.

Definition 8.4 (Split)
We will now use an example to show how Split works.

Example 8.5 (An example of Split)
We consider
t=pX1+1(X)X

We will now evaluate Split(t).

SpLit(uX.1+1(X)X) = Splity(uX.1+L(X)X)
— Splityx (1 +1(X)X)
Sp1ity, x(1)@Sp1it, 5 (1(X) X)
l@Splity x(I{X)X)
Splity, x)(I{X)X)
= if esp(l(X)) # {}

then [I'(t1) (t2(X[ [t/ X] ])) | I'{t1)t2 € Splity, x)(I(X))]@Splity, ) (X)
else [I'(t1)(t2(X[ [t/X]])) [ I'{t1)t2 € Splity, x)(I(X))]

= 1if {} #{}
then [I'(t1)(t2(X[ [t/X] ) | U{t1)t2 € Splity, v (I(X))]@Splity x(X)

"t
else [I'(t1)(t2(X[ [t/X]])) | I'{t1)t2 € Splity x)(I(X))]
= [U{t) (X[ [t/X] ) [U{ti)t2 € Splity,x(I(X))]
= [I{t1)(tat) | U'{t1)t2 € Splity, v (I(X))]
= [t (tat) [ U'{t1)t2 € [{X] [t/ X] )]

[

) (12)]

) [
) [

We now inspect the result.

The first thing we notice is that the element(s) is of the form [(t,)ts for some [, t; and ts.
This is a general result, that all elements in Split(t) will be on this form, and it is also the
key point of introducing Split.

The second thing we notice is that intuitively, the semantics of t is the same as the se-
mantics of Split(t) with the exception of the empty sequence.
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8 TYPE SPLITTING

This is also a general result which we will prove in Section 10.

The last thing that we will mention in this example is that if we consider the direct sub-terms
of the element(s) in Split(t) they are t and 1t, and if we evaluate Split(t) and Split(1t)
we will find that they returned the same as Split(t).

This can be generalized to the result, that there are finitely many derivatives of a term, which
are exactly the terms that can be reached by recursively calculating Split and find the direct
sub-terms of the elements in the result.

We will formalize and prove this in Section 11.

We have now defined Split.
We will now prove that all elements in the result of Split is of the desired form.

Lemma 8.6 (Split is well-formed)

vt' € Split,(t).t' = l'(t])ty for some I', t| and t;.

This is proved in Proof 19.11 on page 90.

In order for Split to be useful, the semantics of the result must correspond to the semantics
of the given xml-type. Since € cannot inhabit any xml-type of the form of the elements, the
best we can hope for is that the semantics of Split(t) is the same as the semantics of ¢, except
for the empty xml-sequence ¢.

We will use the Section 10 to introduce functions that translates data between ¢ and Split(t),
and from Split(t) to t, and use this to prove in a constructive way that except for the empty

xml-sequence, the semantics of an xml-type is preserved by Split.

We will now generalize Split to work on lists of xml-types.

Definition 8.7

SPLIT([]) = |
SPLIT(t; :: T1) = Split(t;)QSPLIT(T})

Since SPLIT creates its result by appending results of Split we know that all the elements in
the result is of the form I(t1)ts.

We have now defined Split, proved that the elements in the result are of the desired form,
and generalized Split to work on lists of xml-types.
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9 RESTRICTED TAGGING AND DATA SIMPLIFICATION

9 Restricted Tagging and Data Simplification

We have now defined a way to split an xml-type to a list of xml-types on a certain form.
We are of course interested in translating xml-data between the original xml-type and the
splitted list of xml-types. We will in this section introduce two functions that are important
in this translation.

If we try to translate the xml-data from the original xml-type to the splitted list of xml-
types, there is a problem which is illustrated by the following example.

Example 9.1 (Redundant data)
We consider t = pX.1+ (14 (1)) X and d = o((e0)(o((c(c))(e0)))).

First we try to evaluate tag(t,d).

tag(t,d)
= tag(pX.1+ (1 +1(1))X, o((e0)(o((0(0))(e2)))))
= tag(l + (1 +{1))t,o((e0)(o((0(0))(92)))))
= tag((1+ (1)L, (80)(o((o(0))(90))))
= tag(t,o((o(0))(e0)))
= tag(uX.1+ (1 +1(1))X,o((o(0))(e0)))
= tag(l+ (1 + (1))t o((o < ))(00)))

1 t

sag((1+ L{1))t, (o(0))(+))

<1>e</1>¢ tag(t,eo)

<1>e</1>¢ tag(puX.1+ (1 +1(1))X, e0)
<1>e</1>e tag(l+ (1 +1(1))t, e0)
<1>e</1> €

= <I></1>

We notice, that before tag produces anything, it unfolds the p-term two times.

When we translate the data to the Split(t) we have to construct xml-data that only unfolds
the u-term once before it produces the first tree, because Split has been defined to stop
before it unfolds the same p-term twice, in order to ensure that Split(t) always terminates.

We will in this section introduce a way to remove the redundant data that is illustrated in
the previous example.
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9 RESTRICTED TAGGING AND DATA SIMPLIFICATION

Definition 9.2 (simplify)

We will now define simplify, x ;v 4(t,d) for all X, t',d’, t and d, by induction on 2-|d|+ismu(t).

Simplify,y o (1 )
simplify, y y 4 (I{t1), (d1))
SlmpllfyuXt’,d’ (t]_tQ, d1d2)

simplify, x y 4 (11 +t2,di—)
simplify, x y 4 (11 + t2, —d2)
simplify, y y o (HYt1,d)

simplify,y y 4 ()

d/

d/

if tag(ti,di) =¢

then simplify, y . 4 (t2,d2)

else d

simplify, x y a(t1,d1)
simplify, x y a(t2,d2)

if pYity = pX.t'

then simplify .y, ,(t1[uY.t1/Y],d)
else simplify, x . o(t1{uY.t1/Y], d)
d/

Observation 9.3 (simplify is well-defined)
If- pX.t' = pYit,, and bt =t then simplify, x y 4(t,d) = simplify,yy y(ta,d).

Now we give an example to show how simplify works.

Example 9.4 (An example of simplify)

We consider t = uX.1+ (14 1(1))X and d = o((e0)(o((c(c))(e0)))).
Example 9.1 showed how the redundancy in d made tag unfold the u-term twice before it

produced a tree.

We will now see how simplify ensures that tag only unfolds the u-term once, because it

removes the redundant part of d.

simplify, ,(1 + (1 + (1)) X[t/ X],d)
= simplify, ;(1+ (14 1(1))t,o((e0)(o((o(0))(e2)))))
= simplify, ;((14 (1)), (e0)(o((0(0))(®))))
(tag(l+1(1),e0) =¢) = simplify, ,(t,0((c(0))(e0)))

= simplify, ;(pX.1+ (14 1(1))X, o((o(0))(e0)))
(t=pX14+1+11)X) = simplify; ,((s(oh)(eo)) (1 + (1 + U{1))E, 0((0(0))(00)))

= simplify; o((o(o))(e0)) (1 + L{1))E, (0(0))(00))

= simplify; o((o(o0))(e0)) (1 + L{1))E, (0(0))(00))

(tag(l+U(1),0(0)) # &) =

o(o(0))(e0).

Now we just need to check that the result represents the same xml-sequence as the original
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9 RESTRICTED TAGGING AND DATA SIMPLIFICATION

xml-data.
tag(l+ (1+1(1)X[t/X].d)
= tag(l+ (14 (1))t o((e0)(o((o(0))(92)))))
= tag((1+ (1)L, (e0)(o((o(0))(e0))))

\_/\_/

= let z1 = tag(l +[(t1), ®0),x2 = tag(t,o((¢(0))(e0))) inxy z2 end
(tag(l + (1), 80) =) = tag(t,o((o(0))(e))).

We will now prove that the data simplification does not change the xml-sequence represented
by the xml-data.

Lemma 9.5 (Soundness of simplify)

tag(t,d) = tag(pX.t',d') = tag(uX.t', simplify, xy 4(t,d)) = tag(t,d)
This is proved in Proof 19.12 on page 91.

We have now defined simplify, but in order to prove that the functions that use simplify to
translate xml-data from an xml-type to the splitted list of xml-types is sound and complete,
we need a version of tag that uses simplify in the same way as the translation, and keeps
track of a sequence of substitutions in the same way as Split.

More precisely, we will need the following definition in order to express some of the lemmas
in a way that allows a proof by induction.

Definition 9.6 (tag,)
We define tag,(t,d) where  is a list of substitutions by induction on 2 - |d| + ismu(t).

tag,(l,e) = ¢
tag,(I(t1), (d1)) = tag(l{t:[e]),(d1))
tag,(tits, did2) = if tag(ti[p].di)=¢€
then tag,(t2,d2)
else let x1 = tag,(t1,d1), o = tag(tz2[yp],d2) in 71 x9end

tag,(t1 +t2,d1—) = tag,(ti,d1)
tag,(t1 +t2,—ds) = tag,(t2,d2)
tag,(uX.t1,d) = tag,xy /x.,(t1,81mplify, x4 (o a(t1[pX 41/ X 2 0], d))
tagp( ) =T

Observation 9.7 (tag, is well-defined)

If-t =t and & t[p] = t'[¢'] then tag,(t,d) = tag, (', d).

If we generalize the observation to accept renaming of unbound variables in t but not in t[y]
then this observation can be proved by induction on 2 - |d| 4+ ismu(t).

We start with an example that shows how tag, works.

Example 9.8 (Evaluation of tag,)
We consider the case where

t=pX1+1+I11)X and d=o((e0)(o((c(c))(e0)))).
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We will now evaluate tagy(t,d).

tagy(t,d)
= tagy(pX.1+ (1+ (1)) X, o((e0)(o((0(0))(e0)))))
= tagy,x)(1+ (1 +1(1))X, simplify, ,(1 + (1 + K1) X[ t/X =[] ],d))
= tagy x(1+ (1 +(1))X, simplify, 4(1 + (1 + I(1))t,d))
= tagy x)(1+ (1 + (1)) X, o((o(0))(0)))
= tagy x) (1 +1(1))X ,(<><<>>)(°<>))
(tag(tilp],di) #¢€) = let 1= tagy x)(1+(1),0(0)), x2 = tag(X[ [t/X] ] o) in z1 2 end
= + I(1),0(0)),xe = € in x1 x2 end
)

[
let x1 = tag[t/X](
let 1 = tagy,x(I(1), (¢)),z2 =€ in z1 x2 end

let x1 = tag(l(1] [t/X] ]),{(¢)),x2 = € in x1 x5 end
let x1 = <1>e</1>¢,x9 = € in x1 T9 end
= <1>e</1>¢

This should illustrate how tag,, uses simplify to avoid following the redundant xml-data,
but still reaches the same xmli-sequence as tag.

We will use the rest of this section to prove that tag(t,d) = tag(t,d) for all ¢ and d.
In order to prove this we will need the following lemmas.

Lemma 9.9

X ¢ ftv(t) = tagMX'tX/Xw(t,d) = tag@(t[,uX.tX/X],d)
This is proved in Proof 19.13 on page 93.

Intuitively this lemma states that if a substitution only affects the content of trees, then
it does not matter if the substitution is added tu the list in tag,, or applied directly to t.

Lemma 9.10

fv’(t) Ndom(p) = {} = tag(t,d) = ¢ & tag(t[p],d) =€
This is proved in Proof 19.14 on page 95.

Intuitively this lemma states that if a substitution only affects the content of trees, then
it does not change the ways the empty xml-sequence can be represented.

Lemma 9.11

tTaom(p)uix} () Ald] < |d’| A simplifyuX_tX[go]’d/(t[,uX.tX/X ol d)=d
= tagcp(t[NX'tX/XL d) = taguX.tX/X::gp(t7 d)
This is proved in Proof 19.15 on page 97.
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Intuitively this lemma states that if simplify accepts d then it does not matter if the sub-
stitution in question is applied directly to t or added to the list in tag,.

Lemma 9.12
Ifds = simplify, v, q(tx[uX.tx/X],d) then simplify, v, . (tx[uXitx/X],ds) = ds

Intuitively this lemma states that simplify always accepts its on results.
If simplify, x ;. 4(tx[pX.tx/X],d) = d then the lemma is fulfilled.

The only places where simplify, x, #(t,d) can return d’ is returned.

Therefore we can look at the last place where d' is changed in the recursive call that is re-
turned.

There is only one place where d' is not reused for the recursive call that is returned, and in
this case simplifyuX_th(tX [uX.tx/X],d) is returned.

Since ds = d then we know that simplify, x, . (tx[pX.tx/X],ds) = ds. n

Corollary 9.13

tagy(t1[uX t1/X], simplify, x4, 4(t1[uX.t1/X], d))
= tag,x /x)(t1, simplify, v, 4(ti[uX.t1/X],d))

If ds = simplify, v, 4(t1[nXt1/X],d)) then Lemma 9.12 yields that
simplify, x4, 4, (t1[pX.t1/X], ds)) = ds.

Therefore Lemma 9.11 yields that tagy(ti[uX.t1/X], ds) = tagy,x, /x)(t1,ds)-

We must note that dg is not smaller that d, but since uX.t, is contractive, one iteration of
the induction in Lemma 9.11 yields a case where d < d;.

Therefore the Corollary is fulfilled. ]
We are now ready to prove that tagy(t,d) = tag(t, d).

Lemma 9.14 (tag, is a generalization of tag)

tagﬂ (ta d) = tag(ta d)
This is proved in Proof 19.16 on page 100.

We have now introduced the restricted tag-function, the data-simplification function, and we
have proved the lemmas we need for the data-splitting section.
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10 Data Splitting and Unsplitting

In this section we will introduce a way to translate xml-data for an xml-type into xml-data
for the splitted list of xml-types that represents the same xml-sequence.

Definition 10.1 (Translation of data to the splitted type)
We will now define Trans,(t,d) by structural induction on t.

Trans,(l(t1),d) = {(0,de)}
Trans,(tity, dida) = if tag(ti,di) =
then {(|Split, (t1)| +na,d) | (n2,d) € Trans,(t2,d2)}
else {(n,di1(di2d2)) | (n,di1di2) € Transy,(ti,dq)}

Trans,(ty +t2,d10) = Trans,(t,d;)
Trans,(t1 +t2,0d2) = {(|Split,(t1)| +n,d) | (n,d) € Trans,(t2,d2)}
Trans,(uX.ti,d) = Trans“X.tl/Xw(tl,simplifyuX_tl[@Ld(tl[uX.tl/X ), d))
Trans,(-,-) = {}

Observation 10.2 (Trans, is well-defined)

If-t=1t"and & t{p] = t'[¢] then Trans,(t,d) = Transy (t',d).

If this observation is generalized to accept renaming of unbound variables in t but not in t[y]
then it can be proved by structural induction on t.

Definition 10.3 (Trans)
Trans(t,d) = Trans(t,d)

Next we give an example to show how this translation works.

Example 10.4
We consider t = [1(1) + l2(1) and d = o(e).
We can see that

Trans(t,d) = Transy(t,d)
Trans)(l1(1) + 12(1), o(e))
{(sp2ity(h(1)] +n.d) | (n
{(Isp1ity(li(1)[ +n,d) | (n,d) € {(0, (e)e)}
{(1+n,d) [ (n,d) € {(0,(e)e)}
= {(1,{e)e)}.

Now we just need to check that

TAG(Split(t),(1,(e)e)) = TAG([l1(1)1,12(1)1],(1, (e)e))
TAG([I2(1)1], (0, (e)e))
tag(l2(1)1, (e)e)
<lp>e</ly>e

= tag(t,d).

( R ) S Transu(l2(1>, <0>)}

~ ~—
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We can see by the definition of Trans, that
(n',d') € Trans,(t,d) = n' < [Split,(t)].
We will now prove that the transformation of xml-data in Trans is sound and complete.
Lemma 10.5 (Soundness of Trans)
VD € Transy(t,d).tag,(t,d) = TAG(Split,(t), D)
This is proved in Proof 19.17 on page 102.
Corollary 10.6 (Soundness of Trans)
VD € Trans(t,d).tag(t,d) = TAG(Split(t), D)
This follows from the above lemma, since

tag(t,d)

(Lemma 9.14) = tagy(t,d)
(Lemma 10.5) TAG(Splity(t), D)
= TAG(Split(t), D).

Lemma 10.7
tag,(t,d) = e = tag(t[e],d) =¢
This is proved in Proof 19.18 on page 104.
Lemma 10.8 (Completeness of Trans)
tTaom(y)(t) = Trans,(t,d) = {} = taggo(t,d) e{e, T}
This is proved in Proof 19.19 on pager 106.
Corollary 10.9 (Completeness of Trans)

tag(t,d) ¢ {e, T} = Trans(t,d) # {}

Assume that tag(t,d) ¢ {e, T}.
Now Lemma 9.14 yields that tag(t,d) ¢ {e, T}.
Therefore Lemma 10.8 yields that Transy(t,d) # {} and therefore the corollary is fulfilled. m

Now we have defined a way to translate xml-data from an xml-type ¢ to Split(t), and have
proved it to be sound and complete.

Next we will introduce a way to translate xml-data from Split(¢) to the original xml-type t.
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Definition 10.10 (Translation of data from the splitted type)
We will now define TransInvy(t, D) where ¢ is a list of substitutions by structural induction
on t.
TransInvy,(l(t1), (0, (dy)e
TransInvy(tila, (|Split,(t1)] +n.d
TransInvy(tite, (n,di1(di2ds)
TransInvy(t + t2, (|Split,(t)] +n,d
TransInv,(t; + to,

= {{d)}

{d1dy | dy € TransInv,(ti,(n,di1di2))}
{ody | da € TransInv,(ts,(n,d))}

{d1o | di € TransInv,(t,,D)}

= TransInv,x ;. /x:,(t1, D)

\_/\_/\_/\_/

)
)
)
)
D)
TransInv,(puX.t1, D)
TransInvy(-,-) = {}

Observation 10.11 (TransInv is well-defined)

If-t=1t"and & t1[p] = t'[¢'] then TransInv,(t, D) = TransInv,(t', D).

If we generalize this observation to allow renaming of unbound variables in t but not in t[y]
then it can be proved by structural induction on t.

We will start with an example to show how TransInv works.

Example 10.12
We consider t = [1(1) + l2(1) and D = (1, (e)e).
We will now evaluate

(e)e))
0+ [Splity(lx(t1))]; (e)e))
(0, (e)®))}

TransInv(t, D) = TransInvy(l1(1) + la(1), (1,
TransInvy(l1(1) + la(1), (

{ed | d € TransInv(la(1),

{od [ d e {(e)}}

= {o{e)}.

We will now prove that this translation of xml-data is sound and complete.
Lemma 10.13 (Soundness of TransInv)

Vd € TransInv,(t, D).tag(t¢],d) = TAG(Split,(t), D).
This is proved in Proof 19.20 on page 108.
Corollary 10.14 (Soundness of TransInv)

Vd € TransInv(t,D).tag(t,d) = TAG(Split(t), D)
If d € TransInv(t, D) = TransInvy(t, D) then we get that

(
(Lemma 10.13) = tag(t[[]],d)
- tag(t7 d)
Therefore this corollary is fulfilled. ]
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Lemma 10.15 (Completeness of TransInv)

TAG(SplitSD(t),D) # T = TransInv,(t,D) # {}

This is proved in Proof 19.21 on page 110.

Corollary 10.16 (Completeness of TransInv)

TAG(Split(t), D) # T = TransInv(t,D) # {}

If' T # TAG(Split(t), D) = TAG(Splity(t), D) then Lemma 10.15 yields that
{} # TransInv(t, D) = TransInv(t, D).
Therefore this corollary is fulfilled. m

We have now introduced Trans and TransInv, and proved that they are sound and complete
translations between an xml-type and its splitted list of xml-types.
Therefore we are now ready to generalize them to work on lists om xml-types.

Definition 10.17

TRANS([],) = {}
TRANS(t; :: T1,(0,d)) = Trans(ty,d)
TRANS(t1 :: Ty, (n+ 1,d)) = {(n'+|Split(t1)|,d’) | (n',d") € TRANS(T}, (n,d))}

We have now defined TRANS and we will now prove that it is sound and complete.
Lemma 10.18 (Soundness of TRANS)
VD' € TRANS(T, D).TAG(T, D) = TAG(SPLIT(T), D’)
This is proved in Proof 19.22 on page 112.
Lemma 10.19 (Completeness of TRANS)

TAG(T, D) ¢ {e, T} = TRANS(T, D) # {}
This is proved in Proof 19.23 on page 113.

We have now proved that TRANS is sound and complete, and we will now generalize TransInv
to work on lists of xml-types.

Definition 10.20

TRANSINV(]],.) = {}
TRANSINV(ty :: Ty, (n + |Split(ty)],d)) = {(n' +1),d)|(n',d’) € TRANSINV(Ty, (n,d))}
TRANSINV(t; :: Ty, (n,d)) = {(0,d")|d € TransInv(ty,(n,d))}

We have now defined TRANSINV, and we will now prove that it is sound and complete.
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Lemma 10.21 (Soundness of TRANSINV)

TAG(SPLIT(T),D') # T = VD € TRANSINV(T, D").TAG(T, D) = TAG(SPLIT(T),D’)
This is proved in Proof 19.24 on page 114.

The normal way to define completeness for TRANSINV would be that TAG(SPLIT(T'), D) #
T = TRANSINV(T,D’) # {}, but we will need a stronger completeness in the section about
coercions, and we will now prove this stronger completeness.

The reason for this is that we need to identify what index will be used for the result xml-data,
based in the index of the given xml-data.

This makes the lemma more complex to express, which means that the induction hypoth-
esis is a bit complicated.

The main complication is however the induction step, which have to keep track of all the
indices when the induction hypothesis is used.

Lemma 10.22 (Completeness of TRANSINV)

VT = [t1,t2,...,tx] € XMLTypes VD' = (n',d') € XMLDatas.Vj € {1,2,...,k}.
TAG(SPLIT(T), D') # T A XIZ]|Split(t;)| < n' < £I_,|Split(t;)| =
{(n,d) € TRANSINV(T,D') | n=j} # {}
This is proved in Proof 19.25 on page 115.

We have now defined TRANS and TRANSINV and proved that they are sound and complete.
We have now actually proved in a constructive way that SPLIT preserves the semantics except
for the empty xml-sequence, and this is explained in the following corollary.

Corollary 10.23 (Correctness of SPLIT)

IN[SPLIT(T)]) = IN[T]\{e}

We will prove each inclusion separately.

If x € IN[T]\{e} then Corollary 6.10 yields that there is a D such that TAG(T,D) = x.
Lemma 10.19 yields that there is a D’ € TRANS(T, D’) and Lemma 10.18 yields that
TAG(SPLIT(T), D') = TAG(T, D) = x.

Therefore Corollary 6.10 yields that x € IN[SPLIT(T)].

If © € IN[SPLIT(T)] then Corollary 6.10 yields that there is a D' such that
TAG(SPLIT(T),D') = .

Lemma 10.22 yields that there is a D € TRANSINV(T, D') and Lemma 10.21 yields that
TAG(T, D) = TAG(SPLIT(T),D’) = x.

Therefore Corollary 6.10 yields that x € IN[T] and since ¢ ¢ IN[SPLIT(T)] we get that
x € IN[T]\{e}.

We have now proved both inclusions, and we can therefore conclude that

IN[SPLIT(T)]) = IN[T]\{}.
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We have now defined TRANS and TRANSINV and proved in a constructive way that SPLIT
preserves the semantics except for the empty sequence.
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11 Derivatives

The aim of this section is to define derivatives based on the Split function defined in the
previous section, and to prove that every xml-type only has a finite number of derivatives.
We will end this section by generalizing this result to derivatives of lists of xml-types.

We start by defining the set of derivatives for an xml-type.

Definition 11.1 (Derivatives of an XMLType)

Deriv(S) = | J{t; | (t:1)t2 € Sp1it(t) Aj € {1,2}}
tes

Derivs(t) = UDerivi({t})
=0

We will start by evaluating Derivs in an example.

Example 11.2

We will now consider
t=puX1+U{X)X.

Remember that we calculated Split(t) = [I(t)(1t)] in Example 8.5.
We will now calculate Derivs(t).
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Derivs(t) = U Deriv'({t})
1=0
= {t}u U Deriv({t})
i=1

= {t}ulDeriv({t; | I'{t1)t2 € Sp1it(t) A j € {1,2}})
=0

— {tyuperivi({t; | Uit)ts € IO AJ € {1,2}})
=0

= {t}u U Derivi({t, 1t})

=0

= {t,1t}uU G Deriv'({t,1t})
=1

= {t, 1t} U G Deriv'({t; | I'(t1)ty € Split(t) Aj € {1,2}}
=0
U{t; | I'(t1)ta € Split(1t) Aj € {1,2}})

— {1} U fj Deriv'({t, 1t} U {t; | I'(t:)ts € Sp1it(1t) A j € {1,2}})
i=0

— {1} U fj Derivi({t,1t} U {t; | I'(t:)ts € Split(t) Aj € {1,2}})
i=0

= {t,1t}U fj Deriv'({t, 1t} U {t,1t})
=0

= {t,1t}U G Deriv'({t,1t})

i=0

= {t,1t}u G Deriv'({t,1t})
=1

= {t,1t)

The final equality is true, since Deriv({t,1t}) = {t, 1t} and therefore for all i € Ny we have
that Deriv'({t, 1t}) = {t, 1t}.

Now we will prove that this set always will be finite, but in order to do so, we need to prove
some lemmas which defines upper limits to types of the forms pX.t; and t1to.
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Lemma 11.3 (Substitution Lemma for esp)

X ¢ fv’(t) = esp(t) = esp(t[t'/X])
This is proved in Proof 19.26 on page 117.

Intuitively this lemma states that if a substitution only affects the content of trees, then
it does not affect the result of esp.

Lemma 11.4 (Substitution Lemma for Split)

X ¢ fv°(t) = Split,(t[tx/X]) = [t'[tx/X = ¢] [t € Split(t)]
This is proved in Proof 19.27 on page 118.

Intuitively this lemma states that if a substitution only affects the content of trees then
it does not matter if the substitution is applied before or after the xml-type has been splitted.

Lemma 11.5 (Substitution Lemma for Deriv)

Vt/,X, tx, go.tr{X}(t') AN tr{X}(tx) =
{tj | [{t1)ts € Split@(t/[,uX.tx/X]) Nje{l,2}}
C {tj[uXtx/X = @] | [{t)ty € Split(t') Aj € {1,2}} U{t"[uX.tx/X :: o] | t" € Derivs(tx)}

This is proved in Proof 19.28 on page 121.

Intuitively this lemma states that if t' is tail-recursive with respect to X, then derivatives of
t'[tx /X] are either a derivative of t' with tx substituted for X, or a derivative of tx.

Lemma 11.6 (Deriv boundary for uX.t)

YuX.tx,S
Deriv(S)

{'[nX.tx/X] |t € Derivs(tx)} U{uX.tx}.

-
C {t[uXtx/X]|t € Derivs(tx)}.
This is proved in Proof 19.29 on page 126.

We are now ready to prove the upper limit for terms of the form uX.t.
Lemma 11.7 (Derivs limit for pX.t)

VuX.t € XMLType.Derivs(uX.t) C {t'[uX.t/X] |t € Derivs(t)} U{uX.t}
Let pnX.t € XMLType be chosen.
Since Derivs(uX.t) = |J;o, Deriv'({;uX.t}) we only need to prove that

Vi € N.Deriv'({uX.t}) C {¢'[uX.t/X] |t € Derivs(t)} U {uX.t}.
We prove this by induction on i.
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Start: 1 =10
In this case Deriv’({uX.t}) = {uX.t} C {t'[uX.t/X] |t € Derivs(t)} U{uX.t}.
Therefore the lemma is fulfilled in this case.

Induction Hypothesis:
In the case where i > 0 we can assume that Derivi '({uX.t}) C {¢'[uXt/X] | t' €
Derivs(t)} U{uX.t}.

Step: i >0

In this case Deriv'({uX.t}) = Deriv(Deriv '({uX.t})).

Now the induction hypothesis yields that

Derivi—t({t1t2}) C {#'[uX.t/X] | t' € Derivs(t)} U {uX.t}, so

Lemma 11.6 yields that Deriv(Derivi '({uX.t})) C {¢[uX.t/X] | ' € Derivs(t)}, which
proves this case.

Now we can conclude that Vi € N.Deriv({uX.t}) C {¢[uX.t/X] |t € Derivs(t)} U {uX.t},
and therefore
Derivs(uX.t) = ;o Derivi ({uX.t}) C {t'[uX.t/X] | t' € Derivs(t)} U {uX.t}. m

Lemma 11.8 (Deriv boundary for ¢1t5)

Viti,to € XMLTypeVS
Deriv(S)

{t'ty | ' € Derivs(t1)} UDerivs(t1) UDerivs(ta) U {tita}.

-
C {t'ta |t € Derivs(t;)} UDerivs(t1) UDerivs(ty) U {tita}.

This is proved in Proof 19.30 on page 127.

We are now ready to prove the upper limit for terms of the form t;to.

Lemma 11.9 (Derivs limit for tyt9)

Vt1,ty € XMLType.Derivs(tita) C {t'ty | t' € Derivs(t;)}UDerivs(t;)UDerivs(ta)U{tita}

Let t1,t5 € XMLType be chosen.

Since Derivs(tits) = |Jio, Derivi({t1t2}) we only need to prove that
Vi € N.Deriv'({tito}) C {t'ty | t' € Derivs(t1)} U Derivs(t1) U Derivs(ts) U {t1t2}.
We prove this by induction on i.

Start: i =0

In this case

DerivP({tita}) = {tita} C {t'ty | t' € Derivs(t;)} U Derivs(t;) U Derivs(ts) U {t1ts}.
Therefore the lemma is fulfilled in this case.

Induction Hypothesis:

In the case where © > 0 we can assume that
Derivi 1({tita2}) C {t'ta | t' € Derivs(t1)} U Derivs(t;) U Derivs(ts) U {tita}.
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11 DERIVATIVES

Step: i >0

In this case Deriv’({tit2}) = Deriv(Deriv'—({tit2})).

Now the induction hypothesis yields that

Derivi 1({tita}) C {t'ta | ¥’ € Derivs(t1)} U Derivs(t;) U Derivs(ts) U {tit2}, so

Lemma 11.8 yields that

Deriv(Derivi = ({tit2})) C {t'ta | t' € Derivs(t1)} UDerivs(t;) U Derivs(ts) U {tit2}, which
proves this case.

Now we can conclude that

Vi € N.Deriv'({t1t2}) C {t'ta | t' € Derivs(t;)} U Derivs(t;) U Derivs(ty) U {tit2}, and
therefore

Derivs(tits) = oo, Derivi({t1ta}) C {t'ty | t' € Derivs(t;)} U Derivs(t1) U Derivs(ty) U
{t1t2}. ]

We have now proved the upper limits for terms of the forms pX.t and ¢;ts.
We are therefore ready to prove that the set of derivatives always is finite.

Theorem 11.10 (Only finitely many derivatives)

Vt € XMLType.Derivs(t) is a finite set.

We prove this by structural induction on t.

Induction Hypothesis:
We can assume that if t’ is a sub-term of t then Derivs(t') is finite.

Case: t =0
Since Sp1it(0) = {}, we get that Derivs(0) = Jio, Deriv’({0}) = {0} U U, {} = {0}.
So Derivs(t) = {0} is finite.

Case: t =1

Since Split(1) = {}, we get that Derivs(1) = |22, Deriv'({1}) = {1} UUZ{} = {1}.

So Derivs(t) = {1} is finite.

Case: t =X

Since Split(X) = {}, we get that Derivs(X) = |J;2, Deriv'({X}) = {X} U U2 {} = {X}.
So Derivs(t) = {X} is finite.

Case: t = I(t1)
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11 DERIVATIVES

Since Split(l{t1)) = {l{t1)1} we get that

Derivs(I(t1)) = UDeriVi({l<t1>})

1=0

= {Ut)yulDeriv({U{t)})

i=1

= {i(t))y u | Deriv’ ({¢; | U'{th)ts € {I(t)1}})

=0

= {i{t1)} U Deriv’({t1,1})
i=0

= {l(t)}u|Jperivi({t:}) U | Derivi({1})

i=0 1=0
= {i{t)}u | periv'({t:}) U {1}
1=0

= {l{t1)} U{1} UDerivs(t;)

Now the induction hypothesis yields that Derivs(ty) is finite and therefore
Derivs(t) = {l(t1)} U{1} U Derivs(t1) is finite.

Case: t = tqty

Lemma 11.9 yields that

Derivs(tite) C {t'ta | t' € Derivs(t1)} UDerivs(t;) UDerivs(te) U {t1ta}.

The induction hypothesis yields that Derivs(ty) is finite, and therefore

{t'ta | t' € Derivs(t)} is also finite.

The induction hypothesis also yields that Derivs(ts) is finite, and therefore we can conclude
that Derivs(tity) C {t'ta |t € Derivs(t;)} UDerivs(t;) UDerivs(te) U {t1ta} is finite.

Case: t = t1 + 1o
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11 DERIVATIVES

Since Split(ty + t3) = Split(t;) U Split(te) we get that
o .

Derivs(t; +1t2) = U Deriv'({t1 + ta})
=0

= {ti+t} U U Derivi({tl +t2})
i=1

(o]
= {t1+t2} U | Derivi({t) | I'(th)t5 € Split(ty + t2) A j € {1,2}})
=0

= {t1 +t2} U U Deriv'({t} | I'(t))ty € Split(t)@Split(ts) Aj € {1,2}})
=0

= {t1 +t2} U | Deriv’({t; | I'(t))ty € Split(t1) U Split(ty) A j € {1,2}})
=0

= {t1+t2} U | Derivi({t] | I'(t))t5 € Split(t1) Aj € {1,2}})
=0

U Deriv/({t] | I'{t1)th € Split(ta) A j € {1,2}})

=0
= {t1 +t2} U | Deriv’(Deriv({t;})) U | | Deriv’(Deriv({t,}))
i=0 =0

C {t1 +t2} UDerivs(t;) UDerivs(ts)

Now the induction hypothesis yields that Derivs(t,) and Derivs(ts) are finite, and therefore
Derivs(ty + t9) is finite.

Case: t = uX.ty

Lemma 11.7 yields that Derivs(uX.t1) C {t/[uX.t1/X] |t € Derivs(t1)} U{uX.t1}.

The induction hypothesis yields that Derivs(ty) is finite, and therefore

{t'[uX.t1/X] | t' € Derivs(t1)} is also finite.

Therefore we can conclude that Derivs(t) = Derivs(uX.t1) C {t'[uX.t1/X] | t' € Derivs(t)}U
{pnX.t1} is finite.

This covers all the cases, and we can therefore conclude that

Vt € XMLType.Derivs(t) is a finite set.

Now we are ready to generalize the notion of derivatives to lists of xml-types.

Definition 11.11 (Derivatives of XMLTypes)

DERIVS([)) = {}
DERIVS(ty :: T1) = Derivs(t;) U DERIVS(T})
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11 DERIVATIVES

We will now prove that the set of derivatives of lists of xml-types always will be finite.

Corollary 11.12 (Only finitely many derivatives)

VT € XMLTypes.DERIVS(T) is a finite set.

We prove this by induction on the length of T'.

Start: T = ||
If this case DERIVS(Ty) = DERIVS([|) = {} which is a finite set.

Induction Hypothesis:
If T =ty :: Ty then we can assume that DERIVS(T}) is finite.

Step: T =1t1 =11

The induction hypothesis yields that DERIVS(T}) is finite.

Theorem 11.10 yields that Derivs(t;) is finite, and therefore

DERIVS(T) = DERIVS(t; :: Th) = Derivs(t1) UDERIVS(T}) is the union of two finite sets, which
is finite. m

We have now defined derivatives for both xml-types and lists of xml-types, and proved that
the set of derivatives for any xml-type or list of xml-types is finite.
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12 Simulations

In this section we will define simulations, and prove that E T1<:T5 if and only if there is a
finite simulation that relates 17 and T5.

We start by defining the requirements of a simulation.

Definition 12.1
A set of pairs of lists of xml-types R is a simulation if and only if

T\RT, = (ESP(Th)#{} = ESP(T2) #{}) A
Vi(t11)t12 € SPLIT(T1).VS C SPLIT(T3).
(3Ty.[t11]RTy ATy = {tar | I{tar)tas € S}) V
(3T3.[t12]RTy ATy = {taa | I{ta1)tes € SPLIT(T2)\S})

Before we prove soundness and completeness of finite simulations, we will give an example of
a simulation to show how the elements in a simulation interact.

Example 12.2 (A simple simulation)
In this example we will consider

ty =pX.1+ l1<1>(12<1>)X and to = puX.1+ (l1<1>X + lg<1>X)

We will now show that the set

R= {([t1]7 [t2])7 ([1(l2<1>t1)]7 [1t2])7 ([1t1]7 [1t2])7 ([1]7 [1])}

is a simulation.

We consider the pair ([t1], [t2]) in R.

We find that

SPLIT([t1]) = [ (1) (12 ((1)t1))] and

SPLIT([t2]) = [l1(1)(1t2),12(1)(1t2)].

Since there is only one element in SPLIT([t1]) we need to find a pair in R for for each
S C SPLIT([E2]) = {11 (1) (1t2). 1 (1) (12)}.

If S = {} there are two possibilities.

The first possibility is that ([1],Ts1) € R such that Toy = {t21 | l1(te1)te € {}} = {}, but
since ([1],[]) ¢ S this is not fulfilled. The second possibility is that ([1(l2(1)t1)],Ta2) €

such that Tay = {t2o | l1{t21)t2a € SPLIT(T3)\S} = {1t2}. Since ([1(I2(1)t1)],[1t2]) € R th1s
property is fulfilled.

We also need to show one of the two properties for S = {l1(1)(1t2)},S = {l2(1)(1t2)} and
S = {li(1)(1t2), l2(1)(1t2)}.

We will only consider S = {l1(1)(1t2),l2(1)(1t2)}.

There are two possibilities.

The first possibility is that ([1],T21) € R such that Toy = {t21 | l1{t21)taz € {l1(1)(1t2),l(1)(1t2)}} =
{1}.

Since ([1],[1]) € R this property is fulfilled.

Assuming that one of the two properties is fulfilled for S = {l1(1)(1t2)} and S = {l2(1)(1t2)}
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12 SIMULATIONS

we have now proved the necessary properties for the pair ([t1], [t2]).
We need to consider the other pairs in R also, but this is omitted.

We can now illustrate the pairs in R, and how they use each other to fulfill the properties of
a simulation.

([t1],[t2])

S={}
S={12<1>(1t2)}

S={I 1<1>(1t2)}
S={1 1<1>(1t2),12<1>(1t2)}

S={I 2<1>(1t2)}

S={l 1<1>(1t2),12<1>(1t2)}
([1(12<1>t1)],[1t2]) = ([1].[1])

S={} S={I 1<1>(1t2)}
S={12<1>(1t2)} S={}

S={I 1<1>(1t2)}
S={1 1<1>(1t2),12<1>(1t2)}

([1t1],[1t2])

Figure 2: A graphical illustration of the simulation from this example.

Now we will prove that if (77, 7%) is in a simulation then F T1<:T5.

Theorem 12.3 (Soundness of simulations)
For all simulations R the following is fulfilled

TRy =F T1<:Ty

This is proved in Proof 19.31 on page 128.

We will now prove the completeness of simulations, but first we need to prove a simple lemma.

Lemma 12.4

ET<:T5 = Vl(t11>t12 S SPLIT(Tl).in[[l<t11>t12]] - IN[[SPLIT(TQ)]]
This is proved by the following inclusions

in[[l(t11>t12]] C U in[[t/]]

' €SPLIT(T)

(Lemma 4.9) = IN[SPLIT(T})]
(Corollary 10.23) = IN[T1]\{e}
C ID\e)

(Corollary 10.23) = IN[SPLIT(T»)]
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12 SIMULATIONS

Definition 12.5 (The subtyping simulation)
We define R«. as the subtyping relation.

Re. = {(Tl,TQ) |': T1<.'T2}

In order to prove completeness of simulations in the sence that if F T7<:7T5 then there is a
simulation that relates T3 to 15, it is sufficient to prove that R«. is a simulation, and we will
do that now.

Lemma 12.6 (Completeness of simulations)

R<. is a simulation

This is proved in Proof 19.32 on page 129.

We have now proved the completeness of simulations, but we want to prove the completeness
of finite simulations. This is not as difficult as we might fear, because we can use the concept
of derivatives, and the results we have proved for them.

We will now define a family of sets, and then prove completeness of finite simulations.

Definition 12.7
We define R, 1, for all (T1,12) € R«. in the following way.

Rr,1 = {(T],Ty) € Re.| T] C DERIVS(T;) AT} C DERIVS(Ty) A
T}, Ty have no multiple occurances}
U {(T17T2)}

Theorem 12.8 (Completeness of finite simulations)

VT, T, € XMLTypes. = T1<:T5 = Ry, 1, is a finite simulation such that T1RT>.
This is proved in Proof 19.33 on page 130.

We have now defined simulations, and proved that F T1<:T3 if and only if Rz, 1, is a finite
simulation that relates 17 to T5.
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13 Axiomatization

In this section we will define a coinductive axiomatization for subtyping of lists of xml-types,
and we will prove that this axiomatization is sound and complete.

We want the axiomatization to be deterministic, and therefore we need to introduce the
following definitions in order to construct the derived types in a deterministic way.

Definition 13.1 (Projections)
We define I1o(T) by induction on the length of T.

Oo([) = 1
Ho((l<t1>t2) :1T1) = l::H()(Tl).

We define I1; (T') by induction on the length of T'.

L@ =1
Hl((l<t1>t2) :: Tl) = {1 Hl(Tl).
We define II5(T') by induction on the length of T'.
() = 1
HQ((l<t1>t2) :: Tl) = {g:: HQ(Tl).

We will only use these projections on lists of xml-types of the form [{t;)ts, and therefore we
only define them for those.

Definition 13.2 (label)
We define 1abel|(T') by induction on the length of T.

label([)) = [
labell((l<t1>t2) o Tl) = (l<t1>t2) o labell(Tl)
labeli(t; :: Ty) = 1labely(Ty).

Definition 13.3 (filter)
We define filters(T") by induction on the length of T'.

filters([]) = |
t; : filterg(Ty) ift; €S

filters(t; = T1) = {filters(T1) otherwise

We are now ready to define the axiomatization.

Definition 13.4 (Axiomatization)
The judgment I' = T <:T5 where I' C XMLTypes x XMLTYypes is a finite set,
is given by the following inference rules.

ESP(Ty) #{} = ESP(T2) # {} A
Vl<t11>t12 S SPLIT(Tl).VS - SPLIT(TQ).
(F U {(Tl,TQ)} F [t11]<:H1 (filters(labell(SPLIT(TQ)))))\/
(D U{(T1, To)} F [t1a]<: Ty (£i1tergy prr o (1abeli(SPLIT(T))))
'k Ti<:Ty

sub-diff
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AT, T eT T =T "NTa =T,

sub-hyp TFTi<: Ty

Now we will prove that the axiomatization is complete.

Lemma 13.5 o o

If R is a finite simulation such that T{RTs, T{ =T, and Ty =Ty
then for all I' there is a derivation of I' - T1<:T5.

This is proved in Proof 19.34 on page 131.

Corollary 13.6 (Completeness of axiomatization)

ET<:T5 = {} FTi<:T5

If & Ty <:T, then Theorem 12.8 yields that R, 1, is a finite simulation such that Ty Rz, 1,75.
Therefore Lemma 13.5 yields that VI'.I' - T <:T5, and therefore we have that

O+ Ty<:Ty.
|

Next we will define language approximation and size-stratified interpretation of subtyping,
and use this to prove that the axiomatization is sound.

Definition 13.7 (Language approximation)
For all n € N we define the map -|, : P(XMLSeq) — P(XMLSeq) in the following way.

Xln =A{z € x| x| < n}.

Lemma 13.8 (Correctness of Language approximation)

(Vn € No-xln € X'[n) & x S X/
We prove each implication individually.
If x C x' then Vn € Ny.x|n C X'|n because

Xn={zex |zl <n} C{zex||z[ <n} =X

We can therefore conclude that

(VTL € NOX|n - X,‘n) =xC X,'

If¥n € No.x|n € X/|n and x € x then x € x|, and therefore x € X'| |
which means that x € x'.
We can therefore conclude that x C X', and this means that

(Vn € NOX|n c X/|n) = x C X,
We have now proved both inclusions, and can therefore conclude that

(Vn € No-xln € X'|ln) © x C X
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Definition 13.9 (Size stratified interpretation)
We now introduce the following four definitions, where the last one defines the size stratified
interpretation of subtyping.

En, T1<:Ty < IN[T1])|, C IN[T2]|n

F. L & V(Th,Ty) €. F, T1<:Th

e, Th<:Th, F, T =F, T1<:Th
I Ti<: T < Vne Ng.I'F, T1<:Th

The intuitive understanding of I' E% T1<:T5 is that for all approximation levels n, if the
assumptions in I" holds for that approximation then that approximation of IN[T}] is a subset
of the approximation of IN[T5].

Now we can prove that the axiomatization is sound with respect to the size stratified inter-
pretation of subtyping.

Lemma 13.10 (Size stratified soundness of axiomatization)

I'ETi<:Ty =T FE Ti<:Ty

This is proved in Proof 19.35 on page 133.

Now we can use the size stratified soundness to conclude that the axiomatization is sound
with respect to the semantical subtyping interpretation.

Corollary 13.11 (Soundness of axiomatization)

{} FT<: T =FET1<:Th

If {} F T1<:T then Lemma 13.10 yields that {} E® T1<:Ty and by definition this means that
Vn € No. B, {} =F Ti<:T,. Since &, {} is vacantly fulfilled by definition, we have that
Vn € Ng. E, T1<:T5.

By definition this means that Vn € No.IN[T1]|, C IN[T5]|,.

Now Lemma 13.8 yields that IN[T1] C IN[T5].

We can therefore conclude that

VTl,TQ.{} FT<:T5 =FT1<:T5.

We have now defined the axiomatization, and proved it to be sound and complete.
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14 Coercions

We have now introduced a sound and complete axiomatization of semantical subtyping.

We will in this section define a way to use a derivation of I' - T1<:T5 to construct a function
that converts xml-data for T} to xml-data for T5 that represents the same xml-sequence.
We will then prove that this method is sound and complete.

Before we can do this, we must prove that Trans does not increase the size of the data.
Lemma 14.1 (Trans does not increase the data-size)

V(n, (d1)d2) € Trans,(t,d).|di| < |d| A |d2] < |d]
This is proved in Proof 19.36 on page 136.

We will now generalize the above definition and result to xml-data for lists of xml-types.
Definition 14.2 (SIZE)

S1ZE((n, d)) = |d]
Corollary 14.3 (TRANS does not increase the data-size)

V(n,(dy)ds) € TRANS(T, D).|dy| < SIZE(D) A |d2| < SIZE(D)
We prove this by induction on the length of the list T

Start: T = ||
In this case TRANS(T, D) = {} so the corollary is vacantly fulfilled.

Induction Hypothesis:
If T =ty = Ty, and (n/, (d})d,) € TRANS(T1, D) then |dy| < SIZE(D) and |d}| < SIZE(D).

Step: T =1t1 =11
There are two sub-cases.

TRANS(T, (0,d)) = Trans(t1,d): In this case SIZE(D) = |d|, and therefore Lemma 14.1 yields
that the corollary is true in this case.

TRANS(T, (n + 1,d)) = {(n' + |Split(t1)|,d") | (n',d") € TRANS(T1, (n,d))}:
In this case SIZE(D) = SIZE((n,d)), and therefore the induction hypothesis yields that the
corollary is true in this case. ]

We will now define the function that given an index and a list returns the element the list
has at the given index.

Definition 14.4 (nth)

nthn([to, tl, t2, . ,tk]) =1t,.
We will only use nth in places where 0 < n < k.
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Each element in labelj(7") comes from an index in 7.

We will now define the function that translates an index from label;(7") to the original index
inT.

Definition 14.5

unlabel(n,l,[]) = 0

unlabel(0,l,l{t1)to = T1) = 0
unlabel(n + 1,1,1{t1)ta :: Ty) = 1+ unlabel(n,l,T})
unlabel(n,l,ty = T1) 1 + unlabel(n,!,Ty)

We are now ready to define a way to use a derivation of I' - T1<:7T5 to construct a function
that converts xml-data for 77 into xml-data for T, that represents the same xml-sequence.

Definition 14.6

We now define C[-] which takes a derivation of T' b Ty <:T, and returns a function which
converts xml-data for T1 to xmli-data for T5.
We define C[-] by induction on the derivation of I' - Ty <:T5.

(T],T3) €T

C[sub-hy TFT,<T ] A(ny,dy).
n}y €{n|nthn (T} )=nthn, (T1)} (n’Q,dz)EcT{ 7 (nf,d1)
U {(n2,d2)}
an{n|nthn(Tg)=nthn/2 (T5)}
C[[Sllb_dlffm]] fix ch,TQ-)\Dl'

if TAG(Ty,D1) =T
then {}
else if TAG(T\,D;) =«
then ESP(T5)

else
U

(n1,{d11)d12)ETRANS(T1,D1)
let l<t11>t12 = nthy, (SPLIT(Tl))

U

(ng,dgl )GC[[FU{(Tl ,TQ)}F[t11]<:H1 (1abe11(SPLIT(TQ)))]](O,du )

U

(n2,d22)eC[TU{(T1,T2) }[t12]<:I12(1abel; (SPLIT(T2)))](0,d12)

TRANSINV(T;, (unlabel(ns,, SPLIT(T})), (da1)das))

end
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14 COERCIONS

Before we start, there are some things we have to consider.
This is done in the following observations.

Observation 14.7
When C[T' F T1<:T»] calls C[I" + T{<:T3] then I'" - T{<:T} is a subderivation of T - Ty <:Th.

The recursive calls to C[-] are of the forms
CIrU{(Th,T2)} F [t11]<:111(1abel;(SPLIT(T3)))] and
C[[F @] {(Tl, Tg)} = [tlg]<:H2(labell(SPLIT(T2)))]].

If we consider [(t11)t12 € SPLIT(T}) and S = SPLIT(T3) then either

TU{(Th,T2)} + [t11)<:11(1abel;(SPLIT(1?))) or

T'U{(T1,T2)} F [tie]<:]] is a subderivation.

If T U{(Th,T5)} F [ti2]<:]] is a subderivation then t;» must be the uninhabited type, and
therefore we can just return the empty set in stead of making the recursive call.

The call to C[T" U {(T1,T2)} F [t12]<:TI2(1abel;(SPLIT(T:)))] can be shown symmetrically
for S = {}.

Therefore the calls to C[-] follows the structure of the derivation of I' - T1<:T5.

Observation 14.8
When C[I' - Ty <:T3] calls cpy 1y then it has already been defined.

This is fulfilled, since cgy 1y is only called when (T7,T3) € I', and fix cry 1, is declared before
(T],T) is added to T'.

Observation 14.9

C[T F Ty <:To](D1) terminates.

First of all C[I" = T <:T] terminates, since it is declared by induction on the derivation of
I'ETi<:Ts.

The runtime analysis in Section 15 yields an upper limit to the runningtime of C[I' +
T1<:T»](D1) and therefore it terminates.

We are now ready to prove soundness of C[-].

Lemma 14.10 (Soundness of C[-])
(V(T3,T3) € T.VD}.SIZE(D}) < SIZE(D:y) = VDj € cpy 17(D}).TAG(T3, D3) = TAG(T{, D))
= VD, € C[[F H T1<.‘T2]].TAG(T2, Dg) = TAG(Tl, Dl)

This is proved in Proof 19.37 on page 137.

Corollary 14.11 (Soundness of C[-])

VD, € C[[{} H T1<.'T2]](D1).TAG(T2,D2) = TAG(Tl,Dl)

In the case where I' = {} the extra assumptions in Lemma 14.10 are vacantly fulfilled and
therefore Lemma 14.10 yields that VDo € C[{} - Th<:T5](D1).TAG(T», D2) = TAG(T1,D1). m
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14 COERCIONS

We are now ready to prove completeness of C[-].
Like for ESP we will prove a more strict completeness, but this time it is because it does not
seem possible to prove the normal completeness directly.

Lemma 14.12 (Completeness of C[-])

vDy .(V(T],Ty) € T.¥YD}.SIZE(D}) < SIZE(D:) = Vj.TAG(T}, D}) € in[nthj(T3)]

= {(ny, dy) € ogy 1y(Dy) | nh = j} # {})
= Vj.TAG(Tl,Dl) € IN[[nthj(Tg)]] = {(ng,dQ) € C[[F = T1<:T2]](D1) | no :]} #* {}

This is proved in Proof 19.38 on page 139.

Corollary 14.13 (Completeness of C[-])

TAG(Ty, D) # T = C[{} F Th<:Tx](Dy) # {}

If TAG(T1, D1) # T then Corollary 6.10 yields that TAG(Th, Dy) € IN[T1].

Since {} & T1<:Ty Corollary 13.6 yields that & T, <:Ty which means that IN[T1] C IN[T]
and therefore TAG(Ty, Dy) € IN[T3].

Now Lemma 4.9 yields that there is a j such that

TAG(Tl,Dl) € in[[nthj(TQ)]].

In the case where I' = {} the extra assumptions in Lemma 14.12 are vacantly fulfilled and
therefore Lemma 14.12 yields that {(n2,d2) € C[{} F T1<:TL](D1) | ne = j} # {} and
therefore C[{} F T1<:T5] (D) # {}. n

We have now defined a way to use a derivation of {} F T1<:T5 to construct a sound and

complete function that converts xml-data for 77 to xml-data for 75 that represents the same
xml-sequence.
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15 Runtime Analysis

In this section we will find an upper limit to the running time of the coercions as a function
of the size of the data.

We will not consider the running time of the finding a derivation of the subtyping, or using
the derivation of subtyping to generate the coercions. We focus on the running time of the
coercions because this is what effects the efficiency of the compiled programs.

There have only been time to prove a rough upper limit to the running time of the coer-
cions.

There is plenty of room for improvement, but some of them will require a more thorough
analysis, and some of them will require the functions to be redefined.

The functions have been defined to make the necessary lemmas as easy to prove as possible.
This has been at the cost of efficient running times.

We will use the notation from [CLRS, Section 3] to describe the upper limits of the running-
times. The only exception is that we will write f(n) € O(g(n)) in stead of f(n) = O(g(n))
because the notation in [CLRS] is mathematically misleading.

We will let rt¢(a) denote the runningtime of the function call f(a).

We start by proving that
Ttag(t,d) < fi(t) - |d|?

for some function f;.

We prove this by induction on |d|.
We have to prove this for all the cases in the definition of tag, but we focus on the case where
t = t1ts and d = dyds because this is the most complicated case.

In this case tag(t,d) = tag(tite,d1d2) = let 1 = tag(ty,d1), 1 = tag(te,ds) in 1 x9 end.
This means that rteag(tite,dids) = Tteag(ti, di) + rteag(te, d2) + k1 - |d]). The last part of
the equation is obtained, because the sequencing of xml-sequences is linear in |z;| and this is
at most |d|. This means that

Tteag(tita, didy)

Tteag(t1,d1) + Tteag(to, d2) + k1 - |d]

fitr) - |da]? + fi(te) - |dof® + k1 - |d]
(|d] = |di| + |d2| + 1) max(f(t1), f(t2)) - (|d|* = |d]) + -|d|

(f(t) = f(t1), f(t2), k1) f(t) - |df?

This proves that the upper limit is true for this case, under the condition that f; fulfills that
fi(titz) > fi(ty), fi(tite) > fi(te) and fi(tit2) > k1.

We can prove the upper limit for the other cases as well.

It is important to note that in the p-case we will require that f(uX.t1) > f(t;[pX.t1/X]).
This makes f(t) exponential in |t| but it is possible to construct a function with this property,
because the xml-types are tail-recursive.

(TH)

ININ A
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15 RUNTIME ANALYSIS

We can therefore conclude that rtyag(t,d) € O(fi(t) - |d?).

It is now simple to see that
rtng (T, (n,d)) € O(fo(T) - [d|?)

for some function fo, because T" always has a limited length.

now we can prove that
rtsimplify (MXt/> dlv t> d) S fg(MX.t,, t) ' |d|3

for some function fs.
We prove this by induction on ismu(t) 4 2 - |d|.

Again we only consider the most complicated case, and this is the case where t = uY.t;.
In this case

simplify vy o(pYit1,d) = if pYity = pX.t/
then simplify,,, ,(ti[uY.t1/Y], d)
else simplify, v 4 (t1[pnYt1/Y],d)

This means that

Itsimplify (uX.t',d, uY.t1,d)

< fi(uX A pYity) + max(rtsimplify(,uX.’, d, t1[pnY.t1/Y],d), rtsimplify(,uX.t', d t1[uYt1/Y],d))
(IH) < fi(pXt, 1Yity) + max(fa(uXt' 1 [nYty/Y]) - |d%], fs(uX Aty [uY oty /Y]) - |d]?)

= f(uXt,pYty) + fa(uX A ta[nY .ty )Y]) - |dP|

< fa(pXit, pYity) - |d?).

Therefore the upper limit is fulfilled in this case.
We can therefore conclude that rtgimpiiey (uX.t',d' t,d) € O(fs(uX.t',t) - |df®).

Now we can prove that
rtTrans((pyta d) < f4(907t) : |d|3

for some function fy.
We prove this by induction on t.

Again we only consider the most complicated case, and this is the case where t = uX.t1.
In this case Transy(t,d) = Trans, x4, /x.p(t1, Simplify, v, M’d(tl[,uX.tl/X ], d)).
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15 RUNTIME ANALYSIS

This means that

Ttrrans (@, uX.t1,d)
= file, pX t1) + Tteimprisy (uX b1 (@], d, t1 [n X 11 /X 2 @], d)
+Ttrrans (U X t1/X 2 o, 11, 8implify, vy (o) a(t1 [ X 11 /X 1 ], d))

< filo, pXtr) + fa(pX tifo), ti[uX 41 /X = @)) - |df
+Ttrrans (U X 41/ X 2, 11, 8implify, vy (o) a(t1 [ X 01 /X 2 ], d))
(IH) < fi(e,pX.t1) + fa(uX.ti[g], t1[nX t1/X == ¢]) - |d?
Ha(uX /X 3, th) - [simplify, x o (. a(ti WX 01/ X 52 ], )
< file pXit) + f(pXtilel i [pX ot /X @) - [P + fa(uX /X o, tr) - |d]?
< fale,pYity) - |d?

where the last inequality requires that

falo, pXt1) > fa(pXt1/X o t1) + f3(uX 1], 1 [pX b1 /X 2 0]) + filo, pX t).
Therefore the upper limit is fulfilled in this case.

We can therefore conclude that

rtTrans(Spat7d) € O(f4(§07t) : |d|3)

We can now see that
rtTRANS(T7 (na d)) € O(f5(T) : |d|3)

for some function f5, because T" always has a limited length.

We can see that
TCrransInv (t, D) € O(fG(t)>

for some function fg because D is not used for any of the calculations.
We can now see that

rtoransawv (1 (n, d)) € O(f7(T))

for some function fg because D is not used for any of the calculations.

We are now finally ready to find an upper limit to rteprrr, <; 7 (D).
We will show that

rtC[[FI—T1<:T2]]((n¢d)) < fS(FaTlvTQ) ’ |d|3 ’ |TAG(T17 (nvd))|

for some function fg by induction on |TAG(TY, (n,d))|.
There are two cases to consider.
We first consider the case generated by the rule sub-diff.
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15 RUNTIME ANALYSIS

In this case we get that

rteprer<:1p) (7 d))

f3(Th, To) + rtoac(Th, (n,d)) + rtrans (T, (n, d)) + length(T%) - rtmransmiv (T2, (nh, (da1)d22))
+Tter- ()< 1) (0, d11)) + Tteprfr,)<: 77 (0, di2))

(T, To) + fo(Th) - |d*| + f5(T1) - |d°| + length(T3) - f7(T4)

+Tteprre ()< 131 (05 d11)) + Tter ()< 7y (0, di2))

fo(Ty, To) + foTy) - |d?| + f5(T1) - |d®| + Length(Ty) - f7(Ty)

+/f3(CU{(T1, To)}, [t11], T5) - |dua |? - [TAG([t11], (0, d1r)))|

+/f3(CU{(T1, T)}, [taa], TY) - |dra|* - |TAG([t12], (0, d12))]

F(T1, To) + fa(Th) - |d°| + f5(T1) - |d°| + Length(Ty) - f7(Th)

+max(fs(DU{(T1, 7o)}, [t], T3), fs(DU{(T1, To)}, [t2], T5)) - |dJ® - (ITAG(TY, (n, d))| — 1)
fs(D, Ty, Ty) - |d]* - |TAG(TY, (n, d))]

IN

IN

(IH)

IN

VAN

IN

Therefore the upper limit is fulfilled in this case.

We now consider the case generated by the rule sub-hyp.

In this case a recursive call ¢y 7;((n’,d)) is made, but we know that the calls to cqy 7y will
always use the case produced by the sub-diff rule.

Therefore only every second node in the calltree can be to at case generated by the sub-hyp
rule, and since the time used in these nodes is limited by a function on 77 and 75 the limit is
fulfilled in this case, simply by raising fg by the time used in these nodes.

Therefore the limit is fulfilled in both cases, and we can conclude that

rtefyer<:] (0, d) € O(fs({}, Ty, T2) - |d® - [TAG(Ty, (n,d))|) € O}, fs(T1, T2) - |dI)

The factor fg(T,T5) is probably very fast growing (at least exponentially).

Since T and 75 are fixed, this is almost an acceptable running time of the conversion of xml-
data, but it is possible that this upper limit can be improved by a more thorough analysis,
and by optimizing the functions.

Possible optimizations are discussed in Section 18.2 about future work.
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16 Implementation

We have implemented the subtyping algorithm in [SML].
The code can be found in Appendix 19.2.
The output from interpreting the code with [MOSML] can be found in Appendix 19.3.

As the output shows, the little testing we have done was successful.

One thing that is emphasized in the code is that the case where I' I/ T1<:T5 the algorithm
can actually return a witness which proves that the subtyping is not fulfilled.
This is done by finding an xml-sequence that is in IN[7}] but not in IN[73].

This witness generation follows the idea in the completeness proof of simulations, in Lemma 12.6.

The case where ESP(T}) # {} and ESP(72) = {} this evidence is simply the empty xml-
sequence €.

In the case where there is a [(t11)t12 in SPLIT(7}) and a S C SPLIT(7%) such that

I’ |7[ [t11]<:H1(filters(labell(SPLIT(TQ)))) and

I’ |7[ [t12]<:H2(filterSPLIT(T )\S(labell(SPLIT(TQ))))

the algorithm yields two xml-sequences x1,z2 such that

z1 € IN[[t11]], 21 ¢ IN[II;(filters(label)(SPLIT(T3))))],

z € IN[[t12]] and @5 ¢ IN[IIa(filtergyrror,; g(Labeli(SPLIT(T))))].

Therefore we get, just as in the completeness proof of simulations, that <1>x1</1>zy €
in[[l<t11>t12]] - IN[[Tl]] and <1>x1</1>x9 ¢ IN[[TQ]].

Therefore if the algorithm does not return a proof of I' + T7<:T5 then it returns an ex-
ception containing a witness that T is not a subtype of T5.

One note about the implementation is that the coercions has not been implemented the
same way as we have defined them.

The reason for this is that we have defined the coercions using fix expressions, and it is easier
to write an implementation that avoids the fix expressions.

We therefore use that the given data is finite to avoid the fix expressions, but this means
that we cannot specialize the coercions with respect to the given types.

The result is that the coercion functions cannot be optimized as much as they can the way
we have defined them, but we can accept this as the implementation is just meant for testing.
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17 Applications

In this section, we will suggest a series of applications of the theory presented in this project.

The main reason for considering this type system is to create languages that use and manip-
ulate xml-sequences in an intuitive, native, efficient, and safe way.

There are many ways to obtain such a language, and the projects mentioned in Section 18.1
about related work implements some of them.

The main difference between previous projects on this type system and this project is that
this project uses type-specific representations of xml-sequences where as other projects use a
uniform representation of xml-sequences.

Type specific representations can be used to make the programs more memory efficient, be-
cause there is a lot of information in the types, that we do not need to store in the data.

To illustrate this, we have found a sample xml-sequence from [W3SCHOOLS.COM] for which
we have constructed a serialized version of the xml-data for a fitting xml-type, so we can com-
pare the sizes they will use in memory.

The xml-sequence, the serialized xml-data, and the xml-type can be found in Appendix 19.4
on page 152.

This yields the following sizes in bytes.

xml-sequence | xml-data
Uncompressed | 4095 1689
Compressed 906 764

We see that in this example the type-specific representation uses about 42% of the space the
entire xml-sequence uses.

We also see that even though we compress the data, there is still a difference in the size of
the xml-sequence and the type-specific representation.

In this example the compressed version of the type-specific representation used about 85% of
the space used by the compressed version of the xml-sequence.

In this example we have used [BZIP2] with default parameters for compression.

This comparison is just an example. The gain of using type-specific representations can
be made arbitrarily large or small by selecting the ratio between the size of the tag-names
and the size of the real data.

The general idea is that we can use the information in the xml-type to make the represen-
tation of xml-sequences as compact as possible. Since uniform representations cannot use
this information they will in general not be as compact as type-specific representations. The
type-specific representation can be made more compact than xml-data, but this is discussed
in Section 18.2 about future work.

Another reason to use type-specific representations is to make the data-manipulation and
pattern-matching efficient.

When unique data representations are used, it is necessary to parse the data every time the
data is used for tasks like pattern matching.

One example of this is if you have data for the xml-type t1t2 and you want to split the data
into the data that belongs to ¢; and the data that belongs to ts.
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With our type-specific representation of data this is a simple task, because the data is of the
form dyds where d; belongs to t; and do belongs to ts.

If we use xml-sequences as data, then we will have to parse the xml-sequence in order to
split it into the two parts. Another question arises when we do this, because there can be
more than one way to split the data, and what way do we select, when it is not given by the
representation of the data.

The downside to using type-specific representations of data is that we need to convert the
representation when the data is copied to a more general type as it often is before a function
call.

This is why it is important that the coercions are efficient.
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18 Summing Up

18.1 Related Work

[HU79] is referenced by [HVP] to have proved that the general problem of context free lan-
guage inclusion which is equivalent to subtyping of unrestricted xml-types is undecidable.
This is the reason why we only consider tail-recursive xml-types.

Many of the methods used here are introduced in [BH98|, which presents a sound and com-
plete axiomatization of equality for a recursive first order type-language.

Some of the methods are the stratified interpretation of subtyping used for the soundness
proof and the way assumptions are used in the axiomatization.

Most of the basic theory we use, such as the p-calculus and semantic subtyping is intro-
duced in [TAPL].

The rest of the projects we will mention in this section can be divided into two types.

The first type does the same thing as this project. They construct an axiomatization of
subtyping, and uses this axiomatization to construct functions that convert the type-specific
representation of data from one type to another.

Some of them uses these results to integrate their type system in the type system in an ex-
isting language.

All the references we have found of this type use a type system that is simpler that the one
considered in this project.

The second type uses an equivalent or generalized type system, but they do not consider
type-specific representations of xml-sequences. This means that they use a uniform represen-
tation of data, often the data is simply the xml-sequence.

This means that they do not have to consider conversion of the type-specific representation,
but this also means that the memory is not used efficiently, and they will not be able to use
efficient pattern matching and data manipulation because of the extra need for xml-parsing.

We will now describe the related project we have found.

[HVP] introduces a coinductive axiomatization for an equivalent definition of tail recursive
xml-types. There are many similarities between the methods used in [HVP] and here. The
central similarity is the way subtyping of splitted xml-types is expressed using every subset
of the list on the right hand side, which in this case is used to define the second property of
simulations.

Even though there are many similarities, there are also many differences.

First of all the article in [HVP] does not consider translation of the type-specific representa-
tions. In their type system the xml-data is just the actual xml-sequence.

Therefore they only consider the problem of deciding if the semantic subtyping is fulfilled,
and not of translating data from one type to another.

Another difference is that they start by translating the xml-types to a simplified internal type
language and then work on the internal type language. It turns out that this trick saves them
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a lot of work in the proofs. All the theory about data simplification can probably be avoided
this way.

The last difference we will mention here is that the types in [HVP] are represented by an en-
vironment of declarations of the form name = type, and the recursion occurs because all the
types can refer to each other by name. We represent them using a variation of the p-calculus.
Both choices have advantages. Some advantages of their representation are that this represen-
tation allows them to do the trick with the internal type language, and that this representation
is closer to the way it probably will be implemented. Some advantages of our representation
are that properties such as the tail-recursiveness requirement can be expressed simpler and
there is no need for a type environment. The work done in [HVP] results in a language called
XDuce that has a typing system equivalent to our tail recursive xml-types.

[LS05] integrates a part of XDuce into ML.

They do this by translating some types from XDuce into ML types, translating xml-sequences
into the data-structure matching the found ML types and translates XDuce code into ML
code.

The last step includes translating the ML data when a call to a function that takes a more
general datatype is made. They make this translation of ML data using coercions based on
the subtyping derivation of the XDuce types.

They also use the coercions to implement pattern matching, by using so called downcast
translation functions.

Even though [LS05] claims to have done this for the entire XDuce system, their type transla-
tion yields that they do not consider the entire type system.

The types considered in [LS05] are of the form

R= ()R« |l[|(R1| R2)[(Ry, Ra).

This means that the only form of recursion allowed is R*, which is equivalent to the xml-type
pX.1+4tX where t is a type equivalent to R.

Therefore they have no way to represent types where the recursion occurs inside a tag. An
example of an xml-type they cannot represent is the xml-type

t=puX.1+1(X).

To summarize the results of [LS05] they have developed an integration of XDuce into ML, and
therefore extended the type system from [HVP] with type-specific representations, but they
only consider types with a flat recursion which are equivalent to regular expressions.

The two projects [F06] and [BCF03] add parametric polymorphism to the XDuce system.
[FO6] combine the type system with the type system from OCaml. This yields a language
with two sets of separated type systems.

[BCFO03] extends the type system from XDuce with higher order types and parametric poly-
morphism.

[CA-REG] builds a sound and complete axiomatization for equality of regular expressions
by using derivatives. The method we use to create a sound and complete axiomatization for
tail-recursive xml-types is based on the same principle of derivatives.

Also our implementation has been based on the implementation from [CA-REG].
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18.2 Future Work

There are still a lot of loose ends in this project.
We will in this section mention a few of them.

First of all, the xml-types should be extended to include simple types as string, int and so
on.

This should be fairly trivial, although it does require adding extra cases to all the proofs, and
extending the implementation.

Although we have implemented the proof-searching and conversion of xml-data, there are
still a number of implementation tasks to be performed.

The code needs to be optimized, and there may be a few bugs left that was not found
by the testing.

The system must be combined with a compiler in order to be useful.

This has already been done for the [HVP] project, but using this system would allow the
programs to be more memory efficient and perform efficient pattern matching by using type-
specific representations of xml-sequences.

The runtime analysis needs to be improved, and this can include redefining some functions
to be more efficient and reimplementing them.

One optimization could be to improve the way the xml-data simplification is done. Currently
the optimization is done in every step of the coercions, but it would be more efficient to
perform the simplification before the conversion.

The [HVP] project uses an internal type language, and if this theory was applied to that
language instead of the general xml-type language, the need for data simplification could
probably be removed entirely.

One optimization that can improve the runningtime to be in O(|d|?) is simply to use a rep-
resentation of lists that allows appending in constant time.

The memory efficiency could still be improved.

There is much redundancy in the current xml-data grammar.

The first thing is that the (d) constructor is not necessary. There is only one constructor that
matches types of the form [(t), so in stead of using the xml-data (d) we could just use d.
The only information we currently get from the xml-data is a selection of the elements in a
sum-type.

Using this view of the data, we could simply let the type-specific representation be a sequence
of 0’s and 1’s, where the 0’s selected the first element in a sum-type, and the 1’s selected the
second element in a sum-type.

This would yield a much more compact representation of xml-sequences, but it would be at
the cost of efficient pattern matching.

Finally the memory efficiency could be improved by compressing the data. This is of course

at the cost of runtime efficiency, but if a compression that respects the structure of the
xml-sequence like [XCOMPACT] is used, the runtime cost could be minimized.
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19 Appendix

19.1 Technical Proofs

Proof 19.1 (Substitution is well-defined)
We will now prove Lemma 3.3 which states that

Ft=toAFt =t =t /X] = tu[t),/X].

We will prove this by induction on |t|.

Induction Hypothesis:
If |t1] < |t| and F t1 = t14 and -t} = t|,, then we can assume that
- 1t/ X] = alth/ X

We will consider each form of t separately.

Case: t =0

In this case t, = 0.

Since t[t'/X] = 0[t'/X] = 0 and t,[t.,/X] = 0[t,,/X] = 0, we only need to prove that -0 =0
and this is done using the equiv-0 rule.

Case: t =1

In this case t, = 1.

Since t[t'/X] = 1[t'/X] = 1 and t,[t,,/X] = 1[t,,/X] = 1, we only need to prove that -1 =1
and this is done using the equiv-1 rule.

Case: t = I(t1)

In this case to, = l{t14) where - t1 = t14.

The induction hypothesis yields that & t1[t'/ X] = 14t/ X].

Since t[t'/X] = l{t1)[t'/X] = I{t1[t' / X]) and to [t/ X] = {t1a)[tL/X] = Ut1a[t),/X]), we only
need to prove that b I[{t1[t'/ X]) = l{t14[t},/X]) and this is done using the equiv-tree rule.

Case: t = tyty

In this case t, = t1atoq Where b t1 = t1, and b t9 = to,,.

The induction hypothesis yields that & t1[t'/ X] = t14[t,,/X]| and - ta[t' | X] = tan[t),/ X].

Since t[t'/X] = t1to[t/ X] = (t1[t"/X]) (2[t'/ X]) and ta [ty /X] = tiate,[ta/X] = (halta/X])(t2alta/X]),
we only need to prove that & (t1[t'/X])(t2[t'/X]) = (t1a]th/X])(t2a[t,,/X]) and this is done

using the equiv-seq rule.

Case: t =t1 + 1o

In this case t, = t1o + too Where - t1 = t1, and F ty = to,.

The induction hypothesis yields that & t1[t'/ X] = t14[t,,/X]| and - ta[t' | X] = tan[t),/ X].
Since t[t'/X] = t1 + t[t'/X] = (1[t'/X]) + (t2[t'/ X)) and t4[t),/X] = t1a + to, [th/X] =
(t1a[th,/ X]) + (t2a[t,,/X]), we only need to prove that = (t1[t' / X])+ (t2[t' / X]) = (t1alth/X])+
(toa[t:,/X]) and this is done using the equiv-sum rule.

Case: t = pY.ty
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In this case to, = pZ.t1o where = t1[X')Y] = t14[X'/Z] where X' ¢ fv(uY.t1) U fv(pnZ.t1a).
There are two subcases.

If X = X' then X ¢ fv(uY.t1) U fv(uZ.tia).

This means that b pY.t1[t'/X] = pY.ty and b pZ.t14[t,,/ X] = pZ t1a.

Since we have that - uY.t1 = puZ.t1, it follows from two applications of the transitivity of =
that F uY.t1[t'/ X] = uZ.t14[t),/ X].

If X # X' then we can use the induction hypothesis three times to obtain that
FalXYY /XN Z')YX)Z) = 6 X/ Z)[Y' )X Z' Y[ X' )Z') where Y, Z" ¢ fv(t1) U
fv(tin) U fv(t) U{X, X" Y, Z}.

It is clear that

Fa[X YY) XZ)Y[X)Z = 6[Y')Y][X'/Y] and

F o[ X/ ZIY X2 YX /2] = 1| 2' ) Z][ X7 ) 2.

Therefore the transitivity of = yields that b t,[Y'/Y][X' /Y] = t14[Z2"/Z][X' ) Z"].

Now the induction hypothesis yields that - t;[Y' /Y[ X' /Y'[t'/ X] = t1.[Z2'/Z][ X' | Z'][t,] X].
We can now see that

Fa Y/ YIXYE )/ X]) = alY' /Y[ /X)X /Y] and

FtalZ')Z)[ X )2, ) X] = t1a|Z' ) Z][t,,/ X[ X' /Z], and therefore rule equiv-mu yields that
- Y (LY YNE/X]) = p 2 (02 2] X)),

Therefore the lemma is fulfilled in this case.

Case: t=Y
In this caset, =Y.

If X =Y then t[t'/X] =t and t,[t),/X] = t,.
Therefore the lemma is fulfilled in this case.

If X #Y then t[t'/X] =Y and t,[t,,/X] = Y and therefore rule equiv-var yields that
the lemma is fulfilled in this case.

We have now proved the lemma for all the cases an can conclude that

Ft=toAEE =t sE /X =t/ X].

Proof 19.2 (Commutation of substitutions)
We will now prove Lemma 3.4 which states that

X#YNX ¢ fv(ty) = tltx/X][ty /Y] = tlty /Y][tx [ty /Y]/X]
We will prove this by induction on |t|.

Induction Hypothesis:
If |t1] < |t| then we can assume that t1[tx/X]|[ty /Y] = ti[ty /Y ][tx[ty/Y]/X].
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Case: t =0
In this case

Oftx/X][ty /Y]
= Ofty/Y]
0
Oty /Y]
= Ofty/Y][tx[ty/Y]/X]

Therefore the lemma is fulfilled in this case.

Case: t =1
In this case

Utx /X[ty /Y]
= 1ty /Y]
1
1ty /Y]
= 1ty /Y][tx[ty/Y]/X]

Therefore the lemma is fulfilled in this case.

Case: t =7
There are three sub-cases.

If Z = X then

Xtx /X[ty /Y]
= ix[ty/Y]
Xtx[ty/Y]/X]
(X #Y) = X[ty/Y][tx[ty/Y]/X]

If Z =Y then

Yitx/X][ty /Y]
(X#Y) = Y[ty/Y]
ty
ty[tx[ty/Y]/X]
= Yty/Y][tx[ty/Y]/X]

(X ¢ fv(ty))

If Z ¢ {X,Y} then
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ttx/X][ty /Y]
= Zltx/X][ty /Y]
(Z#X) = Z[ty)Y]
(Z#£Y) = Z
(Z#Y) = Z[ty/Y]
Zlty)Y|=2Z#X) = Zlty/Y][tx[ty/Y]/X]

= tlty/Y][tx[ty/Y]/X]

Therefore the lemma is fulfilled in this case.

Case: t = I(t1)
In this case

Wt [tx /X1ty /Y]

= Utltx/X]ty/Y])
(tilty /Y [tx [ty /Y]/X])
(

[ty /Y][tx [ty /Y]/X]

(IH) = It
= It

~ — o/ ~—

Therefore the lemma is fulfilled in this case.

Case: t = t1tq
In this case

tita[tx /X[ty /Y]
= (taltx/X][ty /Y] (tltx/X][ty /Y])
(talty /Y[tx [ty /Y]/ X (t2lty /Y ][tx [ty /Y]/X])
= tibolty /Y][tx([ty/Y]/X]

(2 x IH)

Therefore the lemma is fulfilled in this case.

Case: t = t1 + 1o
In this case

t1 + taltx /X][ty /Y]
= (tltx/X[ty/Y]) + (t2[tx/X][ty /Y])
(2xIH) = (4fty/Y][tx[ty/Y]/X]) + (t2lty/Y]itx[ty/Y]/X])
= t1+tfty/Y]tx[ty/Y]/X]

Therefore the lemma is fulfilled in this case.

Case: t = uZz.tq
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In this case

pZtiltx /X[ty /Y]

— uZ(h|Z)2)tx /X))ty Y] where Z' ¢ fu(tx)U £v(uZ.t) U {X}

— w2 (W2 2)tx ) X)[Z" )2ty )Y]) where 2" ¢ ...

_ wZ" (0|72t X1 2" /2ty /Y12 /2")) where Z" ¢ ...
(Z" ¢{X,Y}) = pZ".(6[2"/)2][tx/X]ty /Y])

(IH) = pZ".(t1[Z2")Z)[ty /Y ltx[ty/Y]/X])

= pZ".(0)2")2)[ty /Y Z') 2" tx[ty /Y]/X][Z2" ) Z"))

= w2272ty /Y)Z' ) Z"|[tx [ty / Y]/ X])
(2" ¢ tv(tx)) = pZ".(L[2"/Z]1ty /Y ])tx[ty/Y]/X]
(Z' ¢ tv(ty)) = wpZtilty/Y]ltx[ty/Y]/X]

Therefore the lemma is fulfilled in this case.

We have now proved the lemma, for all the cases, and we can therefore conclude that

X#FYANX ¢ tv(ty) = ttx/X][ty /Y] = tlty /Y][tx [ty / Y]/ X].

Proof 19.3 (Soundness of tag)
We will now prove Theorem 6.6 which states that

tag(t,d) # T =F tag(t,d) inhabitst

by induction on the calltree of tag(t,d).

Induction Hypothesis:
If tag(t,d) calls tag(t’,d’) and tag(t’,d’) # T then we can assume that t tag(t’,d’) inhabitst'.

Case: tag(l,e) =¢
In this case we need to prove that - € inhabits 1, but this follows from the rule in-1.

Case: tag(l(t1),(d1)) = let x1 = tag(t1,d1) in <1>x1</1>

In this case tag(t,d) calls tag(ti,dy).

If tag(t1,d1) = T then tag(l(t1),{(d1)) = T, and the theorem is trivially fulfilled.

If tag(ti,dy) # T then the induction hypothesis yields that & tag(ti,d;) inhabits t; and
therefore rule in-tree yields that - <1>tag(ti,d;)</1> inhabits [(t1) and therefore the
theorem is fulfilled in this case.

Case: tag(tltg,dldg) = let x1 = tag(tl, dl),l’g = tag(tg,dg) in x1 x9 end

In this case tag(t,d) calls tag(ti,dy) and tag(ts,ds).

If tag(ti,d1) = T or tag(te,ds) = T then tag(tite,d1d2) = T, and the theorem is trivially

fulfilled.

Iftag(t,dy) # T and tag(te,ds) # T then the induction hypothesis yields that - tag(t;,d;) inhabitst;
and - tag(te,ds) inhabits ty and therefore rule in-seq yields that
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F tag(t1,d1) tag(te,ds) inhabits tite, and therefore the theorem is fulfilled in this case.

Case: tag(ty + to,d10) = tag(ty,dq)

In this case tag(t,d) calls tag(ti,d;).

If tag(t1,d1) = T then tag(t) + ta,d1o) = T, and the theorem is trivially fulfilled.

If tag(ti,dy) # T then the induction hypothesis yields that - tag(ti,d;) inhabits t; and
therefore rule in-sum1 yields that - tag(t1,d;) inhabits t; + to and therefore the theorem
is fulfilled in this case.

Case: tag(t; + to,ody) = tag(ts,ds)

In this case tag(t,d) calls tag(ts,ds).

If tag(te,d2) = T then tag(t) + to,od2) = T, and the theorem is trivially fulfilled.

If tag(te,ds) # T then the induction hypothesis yields that & tag(ts,ds) inhabits ty and
therefore rule in-sum?2 yields that - tag(te,ds) inhabits t; + to and therefore the theorem
is fulfilled in this case.

Case: tag(uX.t1,d) = tag(t1[pX.t1/X],d)

In this case tag(t,d) calls tag(t[uX.t1/X],d).

If tag(t1[pX.t1/X],d) = T then tag(pX.t1,d) = T, and the theorem is trivially fulfilled.
If tag(t1[uX.t1/X],d) # T then the induction hypothesis yields that

F tag(t1[nX.t1/X],d) inhabits t1[puX.t1/X] and therefore rule in-mu yields that

b tag(t[uX.t1/X],d) inhabits pX.t; and therefore the theorem is fulfilled in this case.

e

e

)

Case: tag(_,_.) =T
,d

in this case tag(t,d) = T and therefore the theorem is trivially fulfilled in this case.

We have now proved all the cases, and we can therefore conclude that

tag(t,d) # T =+ tag(t,d) inhabits t.

Proof 19.4 (Completeness of tag)
We will now prove Theorem 6.7 which states that

F x inhabits t = 3d.tag(t,d) ==

by induction on the derivation of - x inhabits t.

Induction Hypothesis:
If the derivation of - x inhabits t has a true sub-derivation of - x’ inhabits t' we can
assume that there is a d' such that tag(t',d') = 2'.

We will now prove the theorem for all derivations, by dividing them by the rule used in
the root-node(rule induction).

Case: in-1
A A inhabits 1
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In this case we can use d = e since tag(l,e) = ¢.

F x1 inhabits t;
b <1>11</1>¢ inhabits l{t1)
In this case, the induction hypothesis yields that there is a dy such that tag(ti,d;) = z;.
We can now use d = (dy) since
tag(l(t1),(d1)) = let x1 = tag(t1,d1) in <1>x1</1> end = <1>x1</1>e, and therefore the
theorem is fulfilled in this case.

Case: in-tree

F xq1 inhabits t; | x9 inhabits it

Case: in-se
4 F 2, 2o inhabits tito

In this case the induction hypothesis yields that there is di and dy such that tag(ty,dy) = x1
and tag(te,ds) = x2.

We can now use d = didsy since

tag(tite,dids) = let x1 = tag(ti,dy),ro = tag(ts,d2) in x1 xeend = 1 x9, and therefore
the theorem is fulfilled in this case.

F x1 inhabits t;
F x1 inhabits t1 + 1o
In this case the induction hypothesis yields that there is a dy such that tag(ti,d;) = z;.
We can now use d = dy¢ since tag(ty + to,d10) = tag(t1,d1) = x1, and therefore the theorem
is fulfilled in this case.

Case: in-suml

F x9 inhabits t;
F x9 inhabits t1 + to
In this case the induction hypothesis yields that there is a do such that tag(ts,ds) = 2.
We can now use d = ody since tag(ty + to, ody) = tag(ts,ds) = x2, and therefore the theorem
is fulfilled in this case.

Case: in-sum2

b x inhabits t1[uX.t1/X]

-z inhabits puX.t;
In this case the induction hypothesis yields that there is a dy such that tag(t;[uX.t1/X],d1) =
x.
We can now use d = dy since tag(pX.t1,d;) = tag(t1[uX.t1/X],d1) = x, and therefore the
theorem is fulfilled in this case.

Case: in-mu

We have now proved the theorem for all the cases, and we can therefore conclude that

F x inhabits t = 3d.tag(t,d) = .

Proof 19.5
We will now prove Lemma 7.4 which states that

tag(t,d) # T = tag(t,d) = tag(t[t'/X],d)

by induction on the calltree of tag(t,d).
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Induction Hypothesis:
If tag(t,d) calls tag(t1,d;) and tag(ti,d;) # T then we can assume that
tag(ti, di) = tag(t1[t'/X], di).

Case: tag(l,e) =¢
In this case t[t'/X] = 1[t'/X] = 1 = t and therefore we have that tag(t,d) = tag(t[t'/X],d)
since tag is a function.

Case: tag(l(t1),(d1)) = let x; = tag(ti,dy) in <1>x1</1> end.
In this case the induction hypothesis yields that tag(t1,d;) = tag(t1[t'/X],d1) and therefore

tag(l(t1),(d1)) = let xy = tag(ti,dy) in <1>x1</1>c end
(IH) = 1let x = tag(t1[t'/X],dy) in <1>x1</1> end
= tag(l(t1[t'/X]), (d1))
= tag(l{t)[t'/X], (d1))

= tag(t[t'/X], (d1)).

Therefore the lemma is fulfilled in this case.

Case: tag(tity,dydy) = let x1 = tag(ty,dy), zo = tag(te,ds) in x1 x2 end
In this case the induction hypothesis yields that

tag(tl, dl) = tag(tl[t’/X], dl) and

tag(ta, ds) = tag(te[t'/X],d2) and therefore

tag(tite,dide) = let w1 = tag(ti,di),x2 = tag(ts,ds) in x1 o end
(2x IH) = let xy = tag(ti[t'/X],d1), 2 = tag(ta[t'/X],d2) in x1 z2 end
= tag((ta[t'/X])(L2[t'/ X)), drda)
= tag(tite[t'/X], d1d2)
= tag(t[t'/X],d1d2).

Therefore the lemma is fulfilled in this case.
Case: tag(t; + to,d10) = tag(t1, dy)

In this case the induction hypothesis yields that
tag(t1,dy) = tag(t1[t'/X],d1) and therefore

tag(t1 +t2,d1<>) = tag(tl,dl)
(IH) (t1[t'/ X7, dv)
tag((t1[t'/X]) + (2[t'/X]), d1o)
(
(t

tag

tag(t + tg[t /X] d1<>)
= tag(f'/X], dro).

Therefore the lemma is fulfilled in this case.

Case: tag(tl + 2, <>d2) = tag(tg, dg)
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In this case the induction hypothesis yields that
tag(te,ds) = tag(ta[t'/X],ds) and therefore

tag(t1+t2,<>d1) = tag(tg,dg)
(IH) = tag(t2t'/X], da)
= tag((t1[t'/X]) + (t2[t'/X]), od2)
(
(t

+

ag(ty —I—tQ[t /X] <>d2)
= tag(t[t'/X],od2).

Therefore the lemma is fulfilled in this case.

Case: tag(uY.t1,d) = tag(t1[uY.t1/Y],d)
In this case the induction hypothesis yields that tag(t,[uY.t1/Y],d) = tag(t[uY.t1/Y][t'/ X],d)
and therefore

tag(pY.t1[t'/X], d)
= tag(pZ.(L[Z/Y][t'/X]),d)
tag(t:[Z/Y|[t'/X][nZ.(t [Z/Y]It'/X])/Z])
tag(t:[Z/Y|[t'/X][nY-ta[t'/ X]/Z])
(
(
(
(

(Lemma 3.4) = tag(t[Z/Y][uY.t1/Z][t'/X],d)
= tag(t1[uY.t1/Y][t'/X], d)
(IH) = sag(tafu¥t/Y],d)

= tag MYth )

Therefore the lemma is fulfilled in this case.

Case: tag(_,_) =T
In this case tag(t,d) = T and therefore the lemma is trivially fulfilled in this case.

We have now proved the lemma for all the cases and we can therefore conclude that

tag(t,d) # T = tag(t,d) = tag(t[t'/X],d).

Proof 19.6 (Soundness of esp)
We will now prove Lemma 7.5 which states that

Vt € XMLType.Nd € esp(t).tag(t,d) =€

by structural induction on t.

Induction Hypothesis:
If ' is a sub-term of t then we can assume that Vd' € esp(t').tag(t’,d') =¢

Case: t =0
In this case esp(t) = {} so the lemma is vacantly fulfilled in this case.
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Case: t =1
In this case esp(t) = {e}, so we only need to prove that tag(l,e) = ¢.
This is however the first case in the definition of tag, so the lemma is fulfilled in this case.

Case: t = I{t1)
In this case esp(t) = {} so the lemma is vacantly fulfilled in this case.

Case: t = tyty

In this case esp(t) = {dida | d1 € esp(t1) A da € esp(t2)}.

Let dy € esp(t1) and dy € esp(t2) be chosen.

The induction hypothesis yields that tag(t,d1) = € and tag(ts,ds) = €, and this means that
tag(tite,dide) = e =c¢.

We can therefore conclude that

Vd € {didy | di € esp(t1) Ndy € esp(de)} = esp(tite).tag(tite,d) = e, so the lemma is
fulfilled in this case.

Case: t =t1 +to
In this case esp(t) C {dio | dy € esp(t1)} U {ods | do € esp(ta)}.
If d € esp(t) there are two cases.

If d € {dio | di € esp(t1)} then we need to prove that tag(t, + to,d10) = &, but since
tag(ty + ta,d10) = tag(ti,dy) this follows from the induction hypothesis.

If d € {ody | d2 € esp(ta)} then we need to prove that tag(t, + t2,od2) = &, but since
tag(t) + to,od2) = tag(te,ds) this follows from the induction hypothesis.
Therefore the lemma is fulfilled in this case.

Case: t = uX.ty

In this case esp(t) = esp(t1).

The induction hypothesis yields that Vd € esp(t1).tag(ti,d) = . Since tag(t;,d) =¢ # T
Lemma 7.4 yields that Vd € esp(t).tag(t1[uX.t1/X],d) = € and therefore

Vd € esp(t).tag(t,d) =e.

Case: t =X
In this case esp(t) = {}, so the lemma is vacantly fulfilled.

This covers all the cases, and we can therefore conclude that

Vt € XMLType.Nd € esp(t).tag(t,d) =€

Proof 19.7
We will now prove Lemma 7.6 which states that

tag(t[t'/X],d) = e = tag(t,d) = eV 3d .tag(t',d') =e N|d'| < |d|
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by induction on the calltree of of tag(t[t'/X],d).

Induction Hypothesis:
If tag(t[t'/X],d) calls tag(ti[t'/X],d1) and tag(ti[t'/X],di1) = ¢ then we can assume that
tag(t1,dy) =€ or 3d'.tag(t',d") = € and |d'| < |d;].

Case: t =0
In this case tag(t[t'/X],d) = tag(0[t'/X],d) = tag(0,d) =T
Therefore the lemma is trivially fulfilled in this case.

Case: t =1
If d # e then tag(t[t'/X],d) = tag(1[t'/X],d) = tag(l,d) = T and therefore the lemma is
trivially fulfilled.

If d = e then tag(t[t'/X],d) = tag(1[t'/X],e) = tag(l,e) =¢.
Since tag(t,d) = tag(l,e) = ¢ the lemma is fulfilled in this case.

Case: t = I(t1)
If d # (dy) then tag(t[t'/X],d) = tag(l{t1)[t'/X],d) = tag(l{t1[t'/X]),d) = T and therefore
the lemma is trivially fulfilled.

If d = (dy) then

tag(t[t'/X], d)
= tag(l(t1)[t'/X], (d1))
= tag(i{t1[t'/X]), (d1))
= let x1 = tag(t1[t'/X],d1) in <1>x1</1>¢ end

# €.

Therefore the lemma is trivially fulfilled in this case.

Case: t = t1tq
If d # dyds then tag(t[t'/X],d) = tag(tite[t'/X],d) = T and therefore the lemma is trivially
fulfilled.

Ifd = d1d2 then

tag(t[t'/X],d) = tag(tita[t'/X], d1d2) = let x1 = tag(t1[t'/X],d1), z2 = tag(ta[t'/X],d2) inz1 v end.
If 1 x9 = € then x1 = x9 = € and therefore the induction hypothesis yields that

tag(ty,d1) = eV 3d .tag(t',d') = e N|d'| < |di| and

tag(te,ds) = eV Ad .tag(t',d) = e N|d'| < |da|.

Therefore if there is not a d'.tag(t',d') = e A |d'| < |d| then tag(ti,d;) = tag(ts,ds) =€
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This means that

tag(tltg, dldg)
= let x; = tag(ty,d1),xo = tag(ts,d2) in x1 zo end
= letxy =¢,2x9 =€ in x1 T9 end

= E&.

Therefore the lemma is fulfilled in this case.

Case: t =t1 +to
If d # dyo and d # ods then tag(t[t'/X],d) = tag(ti + t2[t'/X],d) = T, and therefore the
lemma is trivially fulfilled.

If d = di¢ then tag(t[t’/X], d) = tag(tl + tg[t’/X],dlo) = tag(tl[t’/X],dl).

Now the induction hypothesis yields that tag(ti,di) = eV Ad .tag(t',d') = e N |d'| < |dy].
If tag(ti,d1) = € then tag(t,d) = tag(ti + to,d10) = tag(ti,di) =e.

Therefore the lemma is fulfilled in this case.

The case where d = ody follows by symmetry.

Case: t = uY.t;
Since
tag(tlt'/X],d)
ag(uYh[t'/X), d)
ag(uZ'.(t[2'/Y][t'/X]),d)
ag(t1[Z'/ Y[t/ X][pZ' (. [Z'/Y][t'/ X))/ 2], d)
(
(
(

I | 1|
o+ o o o

[
ag(ti[Z'/Y][t'/ X][pYta[t'/X]/Z],d)
(Lemma 3.4) = tag(t,[Z')Y]|[uY.t1/Z'][t'/X])
= tag(ti[uYt1/Y][t'/X])
Now the induction hypothesis yields that
tag(ti1[pYt1/Y],d) =e Vv Id . tag(t',d') =e N|d| <|d|
If tag(ti[pY.t1/Y],d) = € then

tag(uY.t,d) = tag(t1[pnY.61/Y],d) = e.
Therefore the lemma is fulfilled in this case.

Case: t =Y
If X #Y then tag(t[t'/X],d) = tag(Y[t'/X],d) = tag(Y,d) = T and therefore the lemma is
trivially fulfilled.

If X =Y then e = tag(t[t'/X],d) = tag(X[t'/X],d) = tag(t’,d) and therefore the lemma is
fulfilled with d’' = d.

This covers all the cases and we can therefore conclude that

tag(tlt'/X],d) = ¢ = tag(t,d) = ¢ v 3d .tag(t’, d) = e A|d'| < |d|.
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Proof 19.8
We will now prove Lemma 7.7 which states that

tag(uX.t1,d) = e = 3d .tag(t,d') =¢.

Assume that tag(uX.t1,d) = e.
We can then select d' such that tag(uX.ti,d") = € and |d'| is minimal.

Since tag(uX.ti,d) = tag(t1[nX.t1/X],d).
Now Lemma 7.6 yields that tag(ti,d') = ¢ or 3d".tag(uX.t1,d") =e A |d"| < |d'|.

Assume that there is a d” such that tag(uX.t1,d") =¢e N |d"| < |d'|.

Since uX.ty is contractive, t1 is of the form t)th, ¢} +t or I{t}).

Therefore one iteration of the induction in Lemma 7.6 yields that |d"| < |d|.

This means that |d"| < |d'| and tag(uX.ti,d") = tag(ti[uX.t1/X],d") = €, but this is a
contradiction since |d'| was minimal.

We can therefore conclude that tag(ty,d') = e. n

Proof 19.9 (Completeness of esp)
We will now prove Lemma 7.8 which states that

Vt € XMLType.c € int] = esp(t) # {}

by structural induction on t.

Induction Hypothesis:
Ift' is a sub-term of t then we can assume that

e € inft'] = esp(t') # {}.

Case: t =0
Since ¢ ¢ {} = in[0], the lemma is trivially fulfilled in this case.

Case: t =1
In this case esp(t) = {e} # {}, so the lemma is fulfilled in this case.

Case: t = I(t1)
In this case in[t] = {<I>z1</l> | x1 € in[t1]]}. This means that € ¢ in[t], so the lemma is
trivially fulfilled in this case.

Case: t = t1tq

Since inftite] = {z1 x2 | 1 € inft1] A z2 € in[ts]}, we know that

€€ in[[tltg]] =€ in[[tl]] NeE € in[[tg]].

Now the induction hypothesis yields that € € in[tits] = esp(t1) # {} A esp(t2) # {}.
Therefore the definition of esp(tity) yields that

e € inftite] = esp(tita) = {dida | di € esp(t1) Ada € esp(ta)} # {}, so the lemma is fulfilled
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in this case.

Case: t = t1 + 1o
Since inf[t; + to]] = in[t1] U infta] we know that € € inf[t; + to]] = € € in[t1] V e € in[ts].
Now the induction hypothesis yields that

e € infty + to] = esp(t1) # {} V esp(t2) # {}.
Therefore the definition of esp(tits) yields that ¢ € in[ty + t2] = esp(t1 + t2) # {}.
Therefore the lemma is fulfilled in this case.

Case: t = uX.ty

Assume that € € in[pX.t1].

Lemma 6.7 yields that there is a d such that tag(pX.t;,d) = e.
Now Lemma 7.7 yields that there is a d’ such that tag(ti,d’) = e.
Now Lemma 6.6 yields that ¢ € in[t;].

Now the induction hypothesis yields that esp(t1) # {} and therefore

esp(uX.t1) = esp(t1) # {}.
Therefore the lemma is fulfilled in this case.

Case: t = X
In this case in[t] = {} so the lemma is trivially fulfilled in this case.

Now we have proved all the cases, so we can conclude that

vVt € XMLType.c € int] = esp(t) # {}

Proof 19.10 (Completeness of ESP)
We will now prove Lemma 7.11 which states that

VT = [to,t1,...,t] € XMLTypes¥i € {0,1,...,k}.e € inft;] = {(n,d) € ESP(T) | n =1} # {}

by induction on 1.
Start: 1 =0
In this case

ESP(T) = ESP([to, t1,... ,tk])
— {(0,d) | d € esp(to)} U{(n+1,d) | (n,d) € ESP([t1, b, . .., ta])}-

The definition of ESP yields that

{(n,d) € ESP(T') | n =i}
= {(n,d) € {(0,d) | & € esp(to)} U{n' +1,d') | (n,d") € ESP([t1,ta,...,tg])} | n =0}
€ {(0,d) | d € esp(to)}

Now Lemma 7.8 yields that € € in[tg] = esp(to) # {} and therefore we get that ¢ € in[to] =
{(n,d) € ESP(T) [ n = 0} # {}.
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Induction Hypothesis:

If T = [to,t1,...,t;] and € € inft;] for some i € {1,2,...k} then we can assume that

{(n,d) S ESP([tl,tQ, ca ,tk]) | n=1— 1} =+ {}

It is important to notice that the first element of the list has been removed, so the index i — 1
points to t;.

Step: i >0

In this case, ESP(T') = ESP([to,t1,...,tk]) = {(0,d) | d € esp(ty)} U{(n + 1,d) | (n,d) €
ESP([tl, to,... ,tk])}.

The induction hypothesis yields that

e € in[t;] = {(n,d) € ESP([t1,t2,...,tx]) | n =1 — 1} # {} and therefore

e € inft;] = {(n —1,d) € ESP([t1,ta,...,tx]) | n =1} #{}.

If we now assume that € € in[[t;] we get that

{(n,d) € ESP(T) | n =i}
= {(n,d) € {(0,d') | d' € esp(ty)} U{(n' +1,d") | (n',d) € ESP([t1,ta,...,tg])} | n =1}
D {(n,d) e{(n’+1,d) | (n,d') € ESP([t1,ta,...,tx])} | n =1}
= {(n,d) | (n,d) € {(n' +1,d) | (n',d) € ESP([t1,t2,...,tk])} An =i}
= {(n,d) | (n,d) € {(n',d) | (n' —1,d") € ESP([t1,ta,... . tg])} An =i}
= {(n,d) | (n—1,d) € ESP([t1,ta,...,tx]) An =1}
# {}

We can therefore conclude that € € in[t;] = {(n,d) € ESP(T) |n =i} # {}.
We can now conclude that
VT = [to,t1,...,tx) € XMLTypesVi € {0,1,...,k}.c € in[t;] = {(n,d) € ESP(T) | n =i} # {}.

Proof 19.11 (Split is well-formed)
We will now prove Lemma 8.6 which states that

V' € Split,(t).t' = I'(t})t; for some I, t| and t,
by induction on the calltree of Split,(t).

We will consider each case in Split,, separately.

Case: Split,(0) =[]
Since Split,(t) = [|, the lemma is vacantly fulfilled in this case.

Case: Split,(1) =]
Since Split,(t) =[], the lemma is vacantly fulfilled in this case.

Case: Sp1it,(I(t1)) = [{t1[o])1]
Since Split,,(t) = [I{t1[¢])1], we have that Split(t) = {l(t1)1}.
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Therefore the lemma is fulfilled in this case because [(t1)1 is of the desired form.

Case: Split,(tit2) = if esp(t1) # {}

then [l<t11>(t12(t2[(p])) | l<t11>t12 € Splitw(tl)]@split@(tg)

else [l<t11>(t12(t2[(p])) | l<t11>t12 S Split@(tl)]

If esp(tl) #* {} then Splitcp(tth) = [l<t11>(t12(t2[(p])) | l<t11>t12 € Splitw(tl)]@Splitw(tg),
SO Splitcp(tltg) = {l<t11>(t12(t2 [(p])) | l<t11>t12 S Splitw(tl)} U Splitw(tg).

Now the induction hypothesis yields that t' € Split,(t2) = t' = l'(t})t; for some ', ] and t;
the lemma is fulfilled in this case.

If esp(t1) = {} then Split@(tth) = [l<t11>(t12(t2[90])) | [{t11)t12 € Splitp(tl)], e}
Split,(titz) = {I{t11)(t12(t2[¢])) | {{t11)t12 € Split,(t1)}.

Therefore the lemma is fulfilled in this case.

Case: Split,(t1 +t2) = Split,(t1)@Split,,(t2)

In this case the induction hypothesis yields that t| € Split,(t1) = t} = l}(t};)t], for some
I1,th and )5, and t, € Split,(ta) = t5 = l5(ty)ta, for some Iy, t5, and thy.

Since Split,(t1 +t2) = Split,(t1) U Split,(t2), the lemma is fulfilled in this case.

Case: Split,(uX.t1) = Split, x s /x:(t1)
The induction hypothesis yields that if t' € Split, y, /x.,(t1) then t' = U'(t})t; for some
U,t) and t}.

Ift' € Split,(uX.t1) thent' € Split,y x..,(t1) and therefore t' = I'(t})t; for some I,
and th,.

Therefore the lemma is fulfilled in this case.

Case: Split,(X) = []
Since Split ,(t) = [|, the lemma is vacantly fulfilled in this case.

We have now proved that the lemma is fulfilled in all the cases, and we can therefore conclude
that
Vt' € Split(t).t' = UI'(t})t; for some I, | and t;.

Proof 19.12 (Soundness of simplify)
We will now prove Lemma 9.5 which states that

tag(t,d) = tag(uX.t',d') = tag(pX.t', simplify, x » 4(t,d)) = tag(t,d)
by induction on 2 - |d| + ismu(t).
Induction Hypothesis:

If tag(ti,d1) = tag(pX.t',d") and 2 - |d1| + ismu(t;) < 2 - |d| + ismu(t)
then we can assume that tag(uX.t', simplify, y , 40 (t1,d1)) = tag(ti, d1).
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We consider each form of t separately.

Case: t=0,t=1,t=X ort=10{(t1)

In these cases simplify,y y 4(t,d) = d and therefore
tag(uX.t', simplify, x v 4(t,d)) = tag(uX.t',d') = tag(t,d).
Therefore the lemma is fulfilled in this case.

Case: t = t1t9
If d # didy then simplify,x v 4(t,d) = d', and therefore the lemma is fulfilled in the same
way as the first case.

We can therefore assume that d = dyds.

If tag(t1,d1) # € then simplify,y, 4(t,d) = d' and therefore the lemma is fulfilled in
the same way as the first case.

If tag(ti,d1) = € then simplify, v y y(t,d) = simplify, x v y(t2,d2).

Since tag(uX.t',d'") = tag(tits, d1ds) = let x1 = tag(t1,d1), xo = tag(te,ds) in x1 x9end =
tag(t2,d2), the induction hypothesis yields that tag(uX.t', simplify, x ;v 4 (t2,d2)) = tag(ts, da).
Therefore we get that

tag(t,d)
= tag(tita,did)
= let x; = tag(ti,ds),x9 = tag(ts,d2) in x1 z2 end
(tag(t1,d1) =¢) = tag(te,d2)
(IH) = tag(pX.t', simplify,x y (t2,d2))
= tag(uX.t, simplify, y y 4 (t1t2, didz)).

Therefore the lemma is fulfilled in this case.

Case: t = t1 + 1o

If d = di¢ then

simplify, x y 4 (t1 +t2,d10) = simplify, x p »(t1,d1).

Since tag(uX.t',d") = tag(t; + t2,d1¢) = tag(ti,d;) the induction hypothesis yields that
tag(uX.t', simplify, x pv 4 (t1,d1)) = tag(ti,d1).

Therefore we get that

tag(t,d)

(t,
= tag(t] + t2,d10)
ag(t1,dy)
(
(

Il
o

(IH)

tag(uX.t', simplify, v (t1,d1))
= tag(uX.t', simplify, v o (t1 + t2,d10)).

Therefore the lemma is fulfilled in this case.

If d = ody then the lemma is fulfilled because it is symmetric to the previous case.
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If d is not of the above forms then simplify,y y o(t1 +t2,d) = d' and therefore the lemma
is fulfilled in the same way as the first case.

Case: t = uY.t;.
In this case
simplify,y o (pY.t1,d) = ifpYity = pX.t
then simplify .y, .(t1[uYt1/Y],d)
else simplify, v » o(t1[pY.t1/Y]. d).
If fY.ty = uX.t' then tag(t1[uY.t1/Y],d) = tag(uY.t1,d) and therefore the induction hypoth-

esis yields that tag(uY.t1, simplify,y,, .(t1[pYt1/Y],d)) = tag(ti[pY.t1Y],d).
Therefore we have that

tag(pY.ti,d)
= tag(ti{uYt1/Y], d)
(IH) = tag(pY.t1,simplify,y,  (t1[uY.t1/Y],d))
= tag(uX.t', simplify,y, .(ti[uY.t1/Y],d))
= tag(uX.t, simplify, y y 4 (1Y-t1,d)).

Therefore the lemma is fulfilled in this case.

If uYity # pX.t' then we have that tag(uX.t',d') = tag(uY.t1,d) = tag(t1[uY-t1/Y],d)
and therefore the induction hypothesis yields that

tag(uY.ti, simplify, vy o (t1[uX.t'/Y], d)) = tag(ti[uYt1/Y], d).

Therefore we get that

tag(pY.ti,d)
= tag(ti{uYt1/Y], d)
(IH) = tag(pX.t' simplify,x, o(t1[uYt1/Y], d))
= tag(pX.t, simplify, x y u(1Y-t1,d)).

Therefore the lemma is fulfilled in this case.

We have now proved the lemma for all the cases and we can therefore conclude that

tag(t,d) = tag(uX.t',d') = tag(uX.t',simplify,y . 4(t,d)) = tag(t,d).

Proof 19.13
We will now prove Lemma 9.9 which states that

X ¢ tv’(l) = tag,x,, x.,(t d) = tag, (t{uX.tx/X],d)

by induction on |t|.
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Induction Hypothesis:
If[t'| < |t| and X ¢ fv’(t') then we can assume that tag, x, /x.(t',d') = tag, (t'[uX.tx/X],d').

We will consider each case in tag,(t,d) separately.

Case: taguX.tX/X::gp(lv °)=¢
In this case tag, y . /x. (1, ®) =€ = tag,(1uX.tx/X], o).
Therefore the lemma is fulfilled in this case.

Case: tag,y 1 /xup(Lit1), (1) = tag(llti[1X tx /X = ¢, (d1))
In this case

tag, x.ix/x:p(l{t1), (d1))
= tag(l{ti[pX.tx /X 2 ¢]), (d1))
tag, (I{t1[nX.tx/X]), (d1))
= tag,(I{tr)[pX.tx/X], (d1)).

Therefore the lemma is fulfilled in this case.

Case:

tang.tX/X::go(tlt%dldﬂ = if tag(ti[pX.tx/X : ¢|,d1) =€
then taguX.tX/X::go(t27d2)
else let 1 = taguX.tX/X::go(t1>d1)>332 = tag(ta|p],d2) inz1 x2 end

There are two cases.
If tag(t1[puX.tx /X :: ¢],d1) = € then

tag¢(t1t2[uX.tX/X], dyds)
= tag,(t2[uX.tx/X], d2)
(IH) = tag,x./x:.p(t2,d2)
= tag,x, /xu,(tite, dids)

Therefore the lemma is fulfilled in this case.
If tag(t1[pX.tx /X :: ¢],d1) # € then

tag¢(t1t2[uX.tX/X],d1d2)
= let x1 = tag,(t1[uX.tx/X],d1),z2 = tag(ta[uX.tx/X 1 ¢],d2) in 1 72 end
(IH) = letx =tag,y; /x:,(l1,d1), 22 = tag(te[uX.tx/X 1 @], dp) in x1 22 end.
= tag,xi,/xup(l1t2, dids).

Therefore the lemma is fulfilled in this case.
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Case: tag, x . /x:p(t1 +12,d10) = tag, x4, /x.p(t1, d1)
In this case, the desired follows directly by the induction hypothesis.

Case: taguX.tX/X::gp(tl + t27<>d2) = tang.tX/X::cp(t27 d2)
In this case, the desired follows directly by the induction hypothesis.

Case: tagp,X.tX/X::go(/J‘Ytl?d) = tag,uY.tl/Y::,uX.tX/X::ap(tl7d)
In this case

tag, (nY.t[pX.tx/X],d)
= tag,(uZ.(t1[Z/Y][pX tx/X]),d) where Z ¢ fv(tx)U fv(uY.t1) U{X}
tag, s (1,12/v]iuX.tx /X)) 200112/ Y [0 X tx / X], d)
tag), X 1y /X iz (11[2) Y[ X tx /X)) 20112/ Y], d)

(IH)

a8, X 1y /X o2 (11[2)V]) X tx /X120 (E1 12/ Y], d)
(Lemma 3.4) = tag,z ,1z/v))/z:ux.ix/x:0t11Z/Y],d)
tag, x. iy /x:p(HZ.(11[Z/Y]),d)

= tag,x iy /xup(HY t1,d)

Therefore the lemma is fulfilled in this case.

Case: tagp,X.tX/X::gp(—7 )=T
There are two cases.

Ift =Y then the assumptions yield that X # Y and therefore t[uX.tx/X] =Y [uX.tx/X] =
Y and therefore tag,(t{uX.tx/X],d) = tag,(Y,d) =T.

Ift #Y then the last case in tag, is used and therefore tag,,(t[uX.tx/X|,d) =T.

We have now proved the lemma, for all the cases, and we can therefore conclude that

X ¢ tv'(t) = tag,x . x.,(t d) = tag,(t{uX.tx/X],d)

Proof 19.14
We will now prove Lemma 9.10 which states that

fv’(t) Ndom(p) = {} = tag(t,d) = ¢ < tag(t[y],d) =e.

We will prove each implication separately.

If we assume that tag(t,d) = e # T then Lemma 7.4 yields that tag(t[¢],d) = tag(t,d) = e.
Therefore the first implication is fulfilled.

We will now prove that

fv’(t) Ndom(p) = {} = tag(tly],d) = ¢ = tag(t,d) =¢

95



19.1 Technical Proofs 19 APPENDIX

by induction on 2 - |d| + ismu(t).

Induction hypothesis:
If 2 |d| + ismu(t') < 2-|d| + ismu(t), fv’(t') N dom(p) = {} and tag(t'[¢],d') = ¢ then we
can assume that tag(t',d’) = e.

We consider each case in tag(t,d) separately.

Case: tag(l,e) =¢
In this case tag(t,d) = ¢ and therefore the lemma is fulfilled.

Case: tag(l(t1),(d1)) = let x1 = tag(t1,d1) in <1>x1</1> end
In this case tag(l(t1)[p], (d1)) = let x1 = tag(ti[p],d1) in <1>x1</1>c end # e.
Therefore the lemma is fulfilled in this case.

Case: tag(tity,didy) = let x1 = tag(ty,dy), o = tag(te,d2) in x1 x2 end

In this case tag(tita]p],dids) = let x1 = tag(ti[y],d1), va = tag(ta[p,d2) in x1 xo end.
Therefore, if tag(tita[p],di1ds) = € then tag(ti|p],di) = ¢ and tag(ta[p],d2) = €.

Therefore the induction hypothesis yields that tag(ty,d;) = ¢ and tag(te,ds) = ¢, and there-
fore tag(tita,dids) = €..

Therefore the lemma is fulfilled in this case.

Case: tag(t; + to,d10) = tag(t1, dy)

In this case tag(t + to[¢], d10) = tag(ti[e], d1).

The induction hypothesis yields that tag(ti]y¢],d1) = € = tag(t1,d1) = ¢
Therefore the lemma is fulfilled in this case.

Case: tag(t; + to,ods) = tag(te, ds)
This follows by symmetry of the previous case.

Case: tag(uX.t1,d) = tag(t[uX.t1/X],d)
In this case

tag(pX.t1[¢], d)
= tag(pY.(t1]Y/X]l¢]),d) whereY ¢ ...
= tag(t[Y/X][p][nY.(1[Y/ X][#]) /Y], d)
= tag(th[Y/X]lg][uX-t1[¢]/Y], d)
(Lemma 3.4) = tag(t[Y/X]|[pX.t1/Y][¢],d)
= tag(ti[uX.t1/X][¢], d).

The induction hypothesis yields that if tag(ti[uX.t1/X][p],d) = € then tag(t1[pX.t1/X],d) =
€.
Therefore the lemma is fulfilled in this case.

Case: tag(t,d) =T
There are two cases.
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Ift = X then fv’(t) = {X} and therefore the assumption yields that X ¢ dom(y).
This means that tag(t[y],d) = tag(X|[y],d) = tag(X,d) =T.
Therefore the lemma is fulfilled in this case.

Ift # X then tag(tp],d) =T.
Therefore the lemma is fulfilled in this case.

We have now proved the lemma for all the cases, and we can therefore conclude that

fv’(t) Ndom(p) = {} = tag(t[y],d) = ¢ = tag(t,d) =e.

Proof 19.15
We will now prove Lemma 9.11 which states that

tTaom(p)ugx} () Ald] < |d'| A simplifyuX_tX[go]’d/(t[,uX.tX/X ol d) =d

= tagcp(t[luX'tX/X]? d) = taguX.tX/X::go(tv d)
by induction on the calltree of simplify,x, (.« (tHX tx/X 2 ¢, d).

Induction Hypothesis:
If simplify, x ;1.0 (HuX tx/X i ¢, d) returns simplify, y; (1.0 (G (X tx/X = @], d1)
and tTgon(,u(x} (t1) then we can assume that tag,, (t1[pX.tx/X],di) = tag,x . /x. (t1:d1).

We consider each form of t separately.

Case: t =1

In this case simplify, x, 1,4 (LnXtx/X @], d) = d

If d = e then tag,x, /x.,(t,d) = ¢ = tag,(t{uX.tx/X],d).
If d # e then tag,x, /x.,(t,d) =T = tag,(t[uX.tx/X],d).
Therefore the lemma is fulfilled in this case.

Case: t = [{t1)
In this case tag,x, /x.,(td) = tag(l{ti{uX.tx /X @]}, d) = tag,(t{uX.tx/X],d).
Therefore the lemma is fulfilled in this case.

Case: t = tqty

In this case
simplify, x s (o0 (tit2[uX tx /X it o], d) =
if tag(t1[uX.tx/X = ¢],d1) =¢

then simplify, y ;. 1,4 (t2,d2)

elsed
Since trgon(p)uix} (t1te) Lemma 9.10 yields that
tag(ti,di) = e & tag(ti[pX.tx/X],d1) = ¢ & tag(ti[uX.tx/X ], dy) =¢.
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If tag(tl,dl) = ¢ then
tagw(tltg[uX.tx/X],dldg) = tagso(tg[/LX.tx/X],dg) and

tag,x 1y /x:p(tite, didy) = tag,x 1\ /x.o(t2, d2).
The induction hypothesis yields that tag,,(t2[uX.tx/X],d2) = tag, x,;  /x.,(t2, d2)
This means that

taggo(tltg[,uX.tX/X], dyds)
= tag,(ta[uX.tx/X], d2)
(IH) = tag,x;,/x.,(t2,d2)
= tag,x.iy/xup(l1t2, did).

Therefore the lemma is fulfilled in this case.

If tag(ti[uX.tx/X == ¢],d1) # € then

taggo(tth[,uX.tX/X],dldg) =

let 71 = tag,(t1[uX.tx/X],d1),z2 = tag(t2[uX.tx/X 1 @], do)

in x1 roend and

tang.tX/X:xp(tlt27d1d2) =letx = tagMX'tX/Xw(tl,dl),xg = tag(te[uX.tx/X :: ¢],d2) inxq x9end.
Since tTgom(p)u{x} (t1t2) we know that fv’(t1) N (dom(¢) U{X}) = {} and therefore Lemma

9.9 yields that tag,(t1[uX.tx/X] di) = tag,x, /x:(t1,d1).

This means that

tagw(tltg[,uX.tX/X],dldg)
= letzy = tag,(ti[pX.tx/X],d1),v2 = tag(te[uX.tx/X :: ¢],d2) in z1 z2end
(Lemma 9.9) = let i = tag,x, /x.,(t1,d1),z2 = tag(ta[uX.tx/X :: ¢|,d2) in ¥1 z2end

= tagyX.tX/X:xp(tlt27dld?)’
Therefore the lemma is fulfilled in this case.

Ifd 7& dyido then taggo(tltg [uX.tx/X],d) =T= tag,uX.tX/X::ap(tlt% d)
Therefore the lemma is fulfilled in this case.

Case: t =t1 + 1o
If d = dyo then

simplify, x s (o0 (1 + L2[uX tx /X @ ¢l dio) = simplify, v, (o 0 (G [nX tx/X 2 @], d1)
The induction hypothesis yields that tag,,(t1[uX.tx/X],d1) = tag,x; /x.,(t1.d1).
This means that

tagw(tl + to[puX tx / X], d1o)
= tag,(th[pX.tx/X],d1)
(IH) = tag,xi./x.o(t1,d1)
= tag,xi, /xup(t1 +t2,dio).

Therefore the lemma is fulfilled in this case.

If d = ody then
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simplify, vy (o).a(t1 + to[uX.tx /X 2 @], 0d2) = simplify, x; (o @ (t2[pX tx/X 2 @], do)
This case follows by symmetry of the previous case.

If d # dyo and d # ody then tag,(t1 + t2[uX.tx/X],d) = T = tag,x, /x.,(t1 +12,d).
Therefore the lemma is fulfilled in this case.

Case: t = puY.t;

In this case t{uX.tx/X = ] = pY i [uXtx/X ] = pZ.(t1[2/Y]|[pX tx/X = ¢]) where Z
is not in dom(yp) U{ X} or in the free variables of uY.t; or any of the terms in the substitution,
including pX.tx.

This means that

simplify, y (o). (WY L [puX tx /X 2 ¢, d)

= simplify,x (o0 (WZ-(W[Z/Y][pX tx /X = ¢]),d)

= if pXix[p] = pZ.(M[Z/Y][pX tx /X = ¢])
then simplify, ; o.(z/v)uxX.tx/X:o)d((1 12/ Y X tx /X 2 Q) [uZ. (4 [Z)Y][nX tx /X = ¢]) /2], d)
else simplify, y (o0 (11[Z/Y][nX tx/X @ @l[uZ.(t[Z/Y[pX tx /X = ¢])/Z]. d)

If uX.tx[p| = pYt1[uX.tx/X :: @] then

simplify, x; 1,412/ Y][uX tx /X = @|[uZ.(t1[Z)Y|[uX tx /X = ¢])/Z],d) is returned.
This means that simplify, x, (o @ (tuX.tx/X  ¢l.d) # d' and therefore the lemma is
trivially fulfilled in this case.

Otherwise simplify, x, (,.a (0[Z/Y][pXtx/X = @|[uZ.(1[Z)Y][pX tx /X = ¢])/Z],d) is
returned.
We now have that

pXtxpZ. (0 [Z2)Y[nXtx / X))/ Z :: ¢
(Z ¢ fv(pX.tx)) = pXitx|y]

and

W[Z/Y[pXtx /X = Q| pZ.(L[Z2)Y][uX tx /X = ])/Z]
= W[Z/Y[pXtx/X = |[pZ.(L[2/Y][nX tx/X])[e]/Z]
(Lemma 3.4) = 4[Z)Y]|[pXtx/X = pZ.(1[Z)Y|[puX tx/X])/Z :: o).

Therefore, if we set ¢' = [uZ.(t1[Z)Y ][uX tx/X])/Z :: ¢] we get that

SIBPT1 £, x4y (1 (B2 Y WX ot X 5 G612/ Y X ot /X = /2], d)
= simplify,x; (o0 (t[Z/Y][pX tx/X = ¢'],d).

Therefore the induction hypothesis yields that
taggp’ (tl [Z/Y] [,U,XtX/X] ’ d) = taguX.tX/X::Lp’ (tl [Z/Y] ’ d)
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This means that

tag, (uYt1[uX.tx/X],d)
= tag,(uZ.(L[Z/Y][pX tx/X]),d)
tag,(t1[2/Y][nX tx/X],d)
(IH) = tag,x, /x:p(t1[Z/Y],d)
88, X 1 /X2 (11[2) Y] [nX tx /X)) 20 (0112 Y], d)

88, x 1 /X pZ.(t1[2)Y DX tx ) X) /20 (G112 Y], d)
(Lemma 3.4) = tag,z ,1z/v))/z:ux.tx/x:0011Z/Y],d)
tag,x iy /x:(HZ.(t1[Z/Y]),d)

= tag,yi,/x=p(1Y.t1,d).

Therefore the lemma is fulfilled in this case.

Caset=Y
If X =Y then

simplifyuX'tXM’d,(Y[,uX.tX/X o), d)
= simplifyuX'tXM’d,(uX.tX [¢],d)
= simplify,x; (,.4(tx[uXtx/X @], d) #d'.

Therefore the lemma is trivially fulfilled in this case.

If X #Y then tag,(Y[uX.tx/X].d) = tag,(Y,d) = T = tag,x;, /x:.,(Y:d).
Therefor the lemma is fulfilled in this case.

We have now proved the lemma for all possible cases and can therefore conclude that
tTgom(p)uix} (1) Ald] < |d'| A simplifyuX'tX[@Ld,(t[,uX.tX/X ol d)=d

= tag, (t{uX.tx/X],d) = tag,x,, /x.,(t d).

Proof 19.16 (tag, is a generalization of tag)
We will now prove Lemma 9.14 which states that

tagﬂ (tv d) = tag(tv d)

by induction on 2 - |d| + ismu(t).

Induction Hypothesis:
If2 - |dy|0ismu(ty) < 2-[d| + ismu(t) then we can assume that tagy(t1,di) = tag(ti,d1).

We will consider each case in tag(t,d) separately.
Case: tag(l,e) =¢
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Since tagy(1,e) = € the lemma is fulfilled in this case.

Case: tag(l(t1),(d1)) = let x; = tag(ti,d;) in <I>x1</l> end
In this case tagy(l{t1), (d1)) = tag(l(t1), (d1))-
Therefore the lemma is fulfilled in this case.

Case: tag(tity,d1dy) = let x1 = tag(ti,dy), x2 = tag(te,ds) in z1 9 end
There are two cases.

If tag(tl,dl) = ¢ then tagH (tth,dldQ) = tag[](tg,dg).
The induction hypothesis yields that tag(ts, d2) = tagy(t2, d2) and therefore
tag(tltg, dldg)
= let x; = tag(ti,dy),xo = tag(ts,ds) inz x9end
= tag(tg, dg)
(IH) = tagy(tz,d2)
= tag[](tltg,dldg).

Therefore the lemma is fulfilled in this case.

If tag(ty,dy) # € then tagj (t1tg,d1dy) = let x1 = tag (t1,d1), o = tag(te,ds) inzy x2 end.

The induction hypothesis yields that tag(ti,d1) = tagy(t1,d1) and therefore

tag(tth, dldQ)
= let x1 = tag(ti,d1),x2 = tag(ts,ds) inx| xoend
(IH) = letx; = tagj (t1,d1),zo = tag(te,ds) inzy xoend
= tag(titz, dids).

Therefore the induction hypothesis is fulfilled in this case.

Case: tag(t; + to,di10) = tag(t, dr)

In this case tagy(t1 +t2, d10) = tagy(t1,d1) and therefore the desired follows from the induc-

tion hypothesis.

Case: tag(tl + 2, <>d2) = tag(tg, dg)

In this case tagy(t1 +t2, od2) = tagy(t2, d2) and therefore the desired follows from the induc-

tion hypothesis.

Case: tag(uX.t1,d) = tag(t1[pX.t1/X],d)

In this case the induction hypothesis yields that
tagy(t1[1nX 11/ X], simplify, y,, (b [1X 1 /X],d)) =
tag(ti[pX.t1/X], simplify, x, 4(t1[pX.t1/X], d)).
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This means that

tag(puX.t1,d)
= tag(ti[uX.t1/X], d)
(Lemma 9.5) = tag(ti[uX.t1/X], simplify, y,, 4(t1[pX.t1/X],d))
(IH) = tagy(t1[uX.t1/X] simplify, x, 4(t1[uX t1/X],d))
(Corollary 9.13) = tagyx,, x|(t1,simplify, x, (t1[nX.t1/X] d))

= tagy(pX.t1,d).
Therefore the lemma is fulfilled in this case.
Case: tag(-,.) =T

If none of the above cases are fulfilled then tagy(t,d) = T = tag(t,d).
Therefore the lemma is fulfilled in this case.

We have now proved the lemma in all the cases and we can therefore conclude that

tagﬂ (ta d) = tag(ta d)

Proof 19.17 (Soundness of Trans)
We will now prove Lemma 10.5 which states that

VD € Transy(t,d).tag,(t,d) = TAG(Split,(t), D)

by induction on the calltree of Trans,(t,d).

Induction Hypothesis:
If Trans,(t,d) calls Trans,(t',d") then we can assume that
VD' € Trans, (t',d’).tag,(t',d") = TAG(Split(t'),D’).

Case: Trans,(1{t:),d) = {(0,de)}
Since Split,(I{t1)) = [[{t1[¢])1] we only need to check that
TAG([I[{t1[¢])1], (0, de))

= tag,(I{t1[p])1, de)
let z1 = tag,(I(t1[¢]), d), 2 = tag(l,e) in x1 x> end

let 71 = tag,(I(ti[¢]),d)in x1 € end
= tag,(l(t1),d).

Therefore the lemma is fulfilled in this case.

Case:

Trans@(tltg,dldQ) = if tag(tl,dl) =€
then {|Split,(t1)| +n,d) | (n,d) € Trans,(t2,d2)}
else {(n,dn(dudg)) | (n,d11d12) € Transgo(tl,dl)}
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There are two cases.

If tag(t1,d1) = € then Trans,(tit2,d1d2) = {(|Split,(t1)| +n,d) | (n,d) € Transy(ts, d2)}.
The induction hypothesis yields that VD3 € Trans,(t2,ds).TAG(Split,(t2), D2) = tag,(t2, d2).
Since tag(t1,d1) = ¢ Lemma 7.8 yields that esp(t1) # {} and therefore Split,(tit2) =

[l<t11>(t12(t2)) | l<t11>t12 € Splitcp(tl)]@Splitcp(tQ).
Now

TAG(Split@(t1t2)7 D) — TAG([l<t11>(tl2t2) | l<t11>t12 S Split@(tl)]@splitp(t2)7 (|Spllt@(tl)| +n, d))
= TAG(Split,(ts), (n,d))
(IH) = tag,(t2,ds)
= tag,(lil2, d1d).

Therefore the lemma is fulfilled in this case.

If tag(tl,dl) =# ¢ then Trans¢(t1t2,d1d2) = {(n,dll(dlgdg)) | di1dys € Trans@(tl,dl)}.

In this case the induction hypothesis yields that VD1 € Transy(t1,dy).tag,(t1,d1) = TAG(Split,(t1), D1).
Since Dy is of the form (n, (d11)dy2), and

Split@(tltg) = [l<t11>(t12(t2[(p])) | l<t11>t12 € Split@(tl)]@T, we can obtain the following.

tag,(titz,did2) = let xy = tag,(t1,d1),r2 = tag(ta[p],d2) in x1 x2 end
(IH) = 1let xzy = TAG(Split,(t1),(n,(d11)d12)), 2 = tag(ta[p],d2) in z1 z2 end
= TAG([I(t11)(t12(t2[p])) | I{t11)t12 € Split,(t1)], (n, (d11)(d12d2)))
= TAG(Splitp(tltg), (n, {(d11)(d12d2)))

We can therefore conclude that
(n, <d11>d12) S Trans¢(t1,d1) = tagso(tltg,dldg) = TAG(Split@(tth), (n, <d11>(d12d2))).
Therefore the lemma is fulfilled in this case.

Case: Trans,(t1 + to,d10) = Trans,(t1,dy)

In this case Split,(t1 +t2) = Split,(t1)QSplit,,(t2).

The induction hypothesis yields that VD1 € Trans,(t1,d1).tag,(t1,d1) = TAG(Split,(t1), D1).
Now we can conclude the following, if D € Trans,(t1,d1) = Trans,(t + t2, d;©).

tag,(t1 +t2,d10) = tag,(t1,d1)
(IH) = TAG(Split,(t1),D)
= TAG(Split,(t1)@Split,(ts), D)
= TAG(Split,(ti +t2), D).

Therefore the lemma is fulfilled in this case.

Case: Transy(ty + t2,0ds) = {(n’ + [Split,(t1)],d’) | (n',d') € Transy(t1,d1)}
In this case Split,y(t1 + l2) = Split,(t1)@Split,(t2).
Therefore the induction hypothesis yields that VD € Transy(ts, d2).tag,(t2, d2) = TAG(Split,(t2), D2).
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Now we can conclude the following, if (n’ + [Split,(t1)|,d’) € Trans,(t1 + ta, d2).

TAG(Split,(t1 + t2), (n' 4 |Split,(t1)|,d'))
= TAG(Split,(t1)@Split,(t2),(n' + |Split,(t1)],d'))
= TAG(Split,(t2),(n',d'))
(IH) = tag,(t2,d2)
= tag,(t1 +l2,0d2)

Therefore the lemma is fulfilled in this case.

Case: Transy,(pX.t1,d) = Trans, x 1, /x.(t1, SImplify, x4 1 g (1[0 X 01 /X 2 0], d))
In this case the induction hypothesis yields that

VD € Trans,x.i, /x:p)(t1, SImplify, x4 1o a(t1 [uX 21/ X 12 ], d)).

tagyx.¢, /Xup(t1, SIMPLILY, x4 o), a(t1[uX 11/ X 1 ], d)) = TAG(Split, x4, /x.:(t1), D).

Therefore

TAG(Spli tgo(/.LX.tl), D)
= TAG(SplityX.tl/X:up(tl)vD)

(IH) = tagyX.tl/X:up(th SimpliquX.tl[go],d(tl[MX'tl/X > QDL d))
= tag,(uX.t1,d)

Therefore the lemma is fulfilled in this case.

Case: Trans,(-,-) = {}
The lemma is vacantly fulfilled in this case.

We have now proved the lemma for all cases, and can therefore conclude that

VD € Transy(t,d).tag,(t,d) = TAG(Split,(t), D)

Proof 19.18
We will now prove Lemma 10.7 which states that

tag,(t,d) = = tagl(tlpl.d) =«
by structural induction on t.

Induction Hypothesis:
Ift'" is a subterm of t and tag,, (t1,d1) = ¢ then tag(t:[¢'],d1) = ¢.

We consider each case in tag,(t,d) separately.

Case: tag,(1l,8)=¢
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Since tag(1[y], ) = tag(1l,e) = ¢ the lemma is fulfilled in this case.

Case: tag,(I(t1)t2, (d1)) = tag(l({t:[¢]), (d1))
In this case tag(t[p],d) = tag(l(t1]p]), (d1)).
Therefore the lemma is fulfilled in this case.

Case:

taggo(tltg, dldg)
= if tag(ti[¢].d1) =¢
then tag,(t2, d2)
else let 1 = tagso(tl,dl),xg = tag(ta|p],d2) inzy xo end

If tag(t1[g], d1) = € then the induction hypothesis yields that tag(ta|p], d2) = € and therefore

tag(tth[go], dldg) = €.
Therefore the lemma is fulfilled in this case.

If tag(ti[p],d1) # € then

tagw(tltg,dldg) = let x1 = tagw(tl,dl),xg = tag(ta|p],d2) inzy x2 end.

This means that tag,(t1,d1) = ¢ and tag(ta|¢],d2) = € and therefore the induction hypoth-
esis yields that tag(ti[p],d1) = €.

This means that tag(tita[¢],di1d2) = let x1 = tag(ti[y],d1), z2 = tag(te[¢],d2) inx; x2 end =
€.

Therefore the lemma is fulfilled in this case.

Case: tag,(t1 + t2, d10) = tagti, di)
In this case the induction hypothesis yields that tag(t1[¢],d1) = e.
Therefore the lemma is fulfilled in this case.

Case: tag,(t1 + t2, 0d2) = tagts, d2)

In this case the induction hypothesis yields that tag(ta[p],ds) = e.
Therefore the lemma is fulfilled in this case.

Case: tag,(uX.t1,d) = tag#X.tl/Xw(tl, simplifyuX'tl[de(tl (X t1/X :: p],d))
Now the induction hypothesis yields that
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tag(t1[uX.t1/X ], simplify, v 4 1) a(t1[pX 11/ X 2 9], d)) = € and therefore

tag(uX.ti[p],d)
= tag(pY.(L[Y/X][¢]),d)
= tag(t1[Y/X][p][nY.(t:[Y/X][¢]) /Y], d)
= tag(t1[Y/X][p][uX t1[g]/Y],d)
(Lemma 3.4) = tag(t1[Y/X]|[pX.t1/Y][¢],d)
(
(
(
(

Il
o

ag(t1[uX -t/ X][¢], d)
(Lemma 9.5) = tag(uX.ti[p], simplify, y, 1,).4(t1[pX t1/X 2 ¢],d))
(Lemma 3.4) = tag(ti[uX.t1/X][p], simplify, x, 1, a(t1[uX 21/ X 1 ], d))

= tag(ti[uX.t1/X = ], simplify, v 4 1 (b1 [ X 01/ X 2 0], d))

|
™

Therefore the lemma is fulfilled in this case.

Case: tag,(t,d) =T
Since tag,(t,d) # € the lemma is fulfilled in this case.

We have now proved the lemma for all the cases and we can therefore conclude that

tag,(t,d) = ¢ = tag(t[p],d) = ¢

Proof 19.19 (Completeness of Trans)
We will now prove Lemma 10.8 which states that

tTaon(y) (1) = Trans,(t,d) = {} = tag,(t,d) € {e, T}

by structural induction on t.

Induction Hypothesis:
If t' is a subterm of t, tTaon()(t') and Transy (t',d’) = {}
then we can assume that tag,, (t',d') € {¢, T}.

We consider each form of t separately.

Case: t=0,t=X,t =1
In this case tag(t,d) € {¢, T} and therefore the lemma is fulfilled in this case.

Case: t = I(t1)
In this case Trans,(t,d) = {(0,de)}.
Therefore the lemma is fulfilled in this case.

Case: t = t1tq
If d # dydy then tag,(t,d) = T.
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We can therefore assume that d = dyds.
This means that

Trans,(t,d)

= Trans,(titz,d1dz)

= if tag(t;,di) =¢
then {(|Split,(t1)] +n/,d) | (n,d') € Trans,(ts,d2)}
else {(n,di1(d12d2)) | (n',d11d12) € Trans,(t1,d1)}

If tag(ti,d1) = € then the induction hypothesis yields that tag,(t2,d2) € {e, T}
Lemma 7.4 yields that tag(ti[y],d1) = ¢ and therefore tagp(tltg,dldg) = tagp(tg,dg) =ec.

If tag(ti,d1) # € then the induction hypothesis yields that tag,(t1,d1) € {e, T}.
Lemma 9.10 yields that tag(ti]y],d1) # €, and therefore Lemma 10.7 yields that

taggo(tl, dl) 75 E.

This means that tag,(t1,d1) = T and therefore

tagw(tltg,dldg) =letx1 = tag@(tl,dl),xg = tag(ta|p],d2) in x1 x5 end = T.
Therefore the lemma is fulfilled in this case.

Case: t =t1 +to
If d # dio and d # ody then tag,(t,d) = T.
We can therefore assume that d = d1o or d = ods.

If d = dyo then Trans,(ti + t2,d1¢) = Trans,(t1,d;)
In this case the induction hypothesis yields that tag,(t1,d:1) € {€, T} and therefore the lemma
is fulfilled in this case.

If d = odgy then Transsp(tl + t2,<>d2) = Transw(tg, dg)
In this case the induction hypothesis yields that tag,(t2,dz2) € {€, T} and therefore the lemma
is fulfilled in this case.

Case: t = uX.ty

In this case Trans,(uX.t1,d) = Trans,y., /x.(t1, simplify, x4 1,1 a(t1 (X 41/ X = ¢], d)).
Now the induction hypothesis yields that

taguX.tl/X::gp(th simplifyuX_tl[cp}’d(tl[,uX.tl/X 2], d)) € {e, T} and therefore

tag,(uX.t1,d)

= tang.tl/X::go(th SimpliquX.tl [go},d(tl[lu‘th/X “ QO]? d))
€ {&T}

Therefore the lemma is fulfilled in this case.

We have now proved the lemma for all the cases, and we can therefore conclude that

tTaom(y)(t) = Trans,(t,d) = {} = tag,(t,d) € {e, T}
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Proof 19.20 (Soundness of TransInv)
We will now prove Lemma 10.13 which states that

Vd € TransInv,(t, D).tag(t[¢],d) = TAG(Split,(t), D)
by structural induction on t.

Induction Hypothesis:
Ift' is a subterm of t then we can assume that
Vd' € TransInv, (t', D').tag(t'[¢']d") = TAG(Split (), D’).

We consider each case in TransInvy(t, D) separately.

Case: TransInv,(l(t1),(0,(d1)e)) = {(d1)}
In this case we only need to prove the following

TAG(Split,(I(t1)), (0, (d1)e))
= TAG([I{t[])1], (0, (d1)e))
= tag(l{t[p])1, (d1)e)
= let x; = tag(l(t1]y]), (d1)),z2 = tag(l,e) in x; xsend
= let x; = tag(l(t1]y]),(d1)),r2 =€ in x; xoend
= tag(l{t1[¢]), (d1))
= tag(l{t1)[e], (d1))-

Therefore the lemma is fulfilled in this case.

Case: TransInvy(tite, (|Split,(t1)|+n,d)) = {didz2 | di € esp(t1)Adz € TransInvy(tz, (n,d))}
If we assume that esp(t1) = {} then TransInv(tits, (|Split,(t1)| +n,d)) = {} and then the
lemma is vacantly fulfilled.

We can therefore assume that esp(t1) # {}.

This means that Split@(tltg) = [l<t11>(t12(t2[g0])) ‘ l<t11>t12 € Splitcp(tl)]@splitcp(tg).

Lemma 7.5 yields that Vd, € esp(t;).tag(t1,d1) = €, and therefore Lemma 7.4 yields that
Vd, € esp(t1).tag(ti]p],d1) = €.

The induction hypothesis yields that Vdy € TransInvy(t2, (n,d)).tag(tz[p], d2) = TAG(Split,(t2), (n,d)).

Now we have that

TAG(Split,(tit2), (ISplit(t1)| + n,d))
= TAG([L{tn) (1o (t21])) | Ltn Yo € Split, (8)]@SpIit, (ta), (|SpLit, (t1)] +n, d))
= TAG(Split,(t2),(n,d))
(IH) = tagltaly],da)
(tag(ti]p],di) =€) = 1let x1 = tag(ti[y],d1),x2 = tag(te[p],d2) in x1 x2 end
= tag(titaly], dida).
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Therefore the lemma is fulfilled in this case.

Case: TransInv@(tltg, (TL, dn(dlng))) = {dldQ | di € TransInvgo(tl, (TL, d11d12))}
In this case the induction hypothesis yields that Vd; € TransInv(ty, (n,di1di2)).tag(ti[¢],d1) =
TAG(Split@(tl), (n, dlldlg)).

Therefore we get that

TAG(Split,(tit2), (n, d11(d12d2)))
TAG([I(t11 (Yt12(ta[¢])) | U{t11)ti2 € Split,(t1)]QT, (n, d11(da1d2)))
(n <[Split,(t1)]) = Iet 1 = TAG(Split,(t1),(n,d11d12)), 2 = tag(tz[p],d2) inz1 22 end
(IH) = 1let 1 = tag(ti[y],d1),zo = tag(ta|p],d2) in 1 x4 end
(tag(tilp], i) #¢e) = tag(titz, dids).

Therefore the lemma is fulfilled in this case.

Case: TransInvy(ti +to, (|Split,(t1)| + n,d)) = {odz | d2 € TransInv,(t, (n,d))}
In this case the induction hypothesis yields that

Vdy € TransInvy(ta, (n,d)).tag(tz[p], d2) = TAG(Split,(t2), (n,d)).

Therefore we have that

TAG(SpLit, (11 + t2), (|SpLit, (t1)] + n,d))
= TAG(Split,(ty),(n,d))

(II‘I) = taggo(tg, dg)
= taggo(tl + 19, d2<>).

Therefore the lemma is fulfilled in this case.

Case: TransInv,(t) +t2, D) = {di¢ | di € TransInvy(t;, D)}

Since the previous case was not used, we know that D = (ng, dy) where ny < |Split(t1)|.
The induction hypothesis yields that

Vdy € TransInv(t1, D).tag(ti[p], d1) = TAG(Split,(t1), D).
Therefore we get that

(IH) = tag
= tag(t] + to[p], d10)).

Therefore the lemma is fulfilled in this case.
Case: TransInvy,(uX.t1, D) = TransInv, x4, /x:,(t1, D)

In this case the induction hypothesis yields that
Vd € TransInv,x ., /x.o(t1, D). tag(ti[uXt1/X 2 9], d) = TAG(SplitMX'tl/Xw(tl),D).
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Therefore we have that

tag(pX.t1]g], d)
= tag(uY.(t1]Y/X][p]),d) where Y ¢ dom(p) U fv(uX.t1) and t'/Z € ¢ =Y ¢ fv(t')
ag(t1[Y/X][p][nY.(t1[Y/X][¢]) /Y], d)
ag(t1[Y/ X][p][nX t1[p] /Y], d)
(
(
(

[
[y

Il
tag(t1[Y/X][uX.t1/Y ][], d)
tag(t1[Y/X][uXt:1/Y :: ¢, d)
(IH) = TAG Split, x4 /x: (p(tl,D)

= TAG(Split,(uX.t1), D).

Therefore the lemma is fulfilled in this case.

Case: TransInv,(-,-) = {}
In this case TransInv,(t, D) = {} and therefore the lemma is vacantly fulfilled.

We have now proved the lemma in all the cases, and we can therefore conclude that

Vd € TransInv,(t, D).tag(t[¢],d) = TAG(Split,(t), D).

Proof 19.21 (Completeness of TransInv)
We will now prove Lemma 10.15 which states that

TAG(Split,(t), D) # T = TransInv,(t,D) # {}

by structural induction on t.

Induction Hypothesis:
Ift' is a subterm of t and TAG(Split,(t'), D) # T then we can assume that
TransInvy (t',D’) # {}

We will handle each case in TransInv,(t,d) separately.

Case: TransInv,(l(t1),(0,(d1)e)) = {(d1)}
In this case TransInvy,(t,D) = {(d1)} # {}, so the lemma is fulfilled.

Case: TransInvy(tit, (|Split,(t1)|+n,d)) = {didz | di € esp(t1)\ds € TransInvy(ts, (n,d))}
If eSp(tQ) = {} then Splitcp(tltg) = [l<t11>(t12(t2[90])) | l<t11>t12 S Splitw(tl)] and therefore
TAG(Split,(tit2), (|Split,(t1)| +n,d)) =T

Therefore we can assume that esp(t1) # {}, which means that

Split(tltg) = [l<t11>(t12(t2[g0])) | l<t11>t12 S Split@(tl)]@split@(tg).

We now have that

T # TAG(Split,(tit2), (|Split,(t1)| +n,d))
= TAG([[{t11) (t12(t2[¢])) | [{t11)t12 € Split,,(t1)]QSplit,(t2), (|Split,(t1)| + n,d))
= TAG(Split,(t2),(n,d)).
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Therefore the induction hypothesis yields that TransInvy(ta, (n,d)) # {}.
We can therefore conclude that
TransInvy(tits, (|Split,(t1)| + n,d))
= {didy | di € esp(t1) Ndy € TransInv,(tz,(n,d))}
(esp(t1) # {} A TransInv(ty, (n,d)) #{}) # {}

and therefore the lemma is fulfilled in this case.

Case: TransInvy(tita, (n,di1(di2dz))) = {didy | di € TransInv(ti,(n,di1di2))}
Since

T 75 TAG(Splitw(tth), (n,dll(dlgdg)))
(n <[Split,(t1)]) = TAG([[{t11)(tr2(t2[¢])) | [{t11)t12 € Split,(t1)], (n, di1(di2d2)))
= letx = TAG(Splitw(tl), (n,dy1d12)), x2 = tag(te[p],d2) in x1 x9end

we have that TAG(Split(t1), (n,d11d12)) # T.
Now the induction hypothesis yields that TransInvy(ti,(n,di1di2)) # {} and therefore

TransInvy(tito, (n,di1(di2d2)))
= {dldg | dy € TransInv(tl, (Tl,dlldlg))}

# {}

Therefore the lemma is fulfilled in this case.

Case: TransInvy(ti +to, (|Split,(t1)| + n,d)) = {odz | d2 € TransInv,(t, (n,d))}
Since
T # TAG(Split,(t1 +t2), (|Split,(t1)] +n,d))
= TAG(Split,(t1)@Split,(ts), (|Split(t:)| + n,d))
= TAG(Split,(ts), (n,d))

the induction hypothesis yields that TransInv,(ts, (n,d)) # {}.
This means that

TransInvy(t + t2, (|Split,(t1)] +n,d))
= {ody | dy € TransInv,(ts,(n,d))}

# {}

and therefore the lemma is fulfilled in this case.

Case: TransInv,(t; + t2, D) = {dio | di € TransInv,(t,D)}
Since
T # TAG(Split,(ty +t2),D)
= TAG(Split,(t;)@Split,(ts), D)
(D = (n,d) where n < |Split,(t1)|]) = TAG(Split,(t1),D)
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the induction hypothesis yields that TransInvy(ti, D) # {}.
This means that

TransInv(t) + tg, D)
= {dio|dy € TransInv,(ti,D)}

7 {

and therefore the lemma is fulfilled in this case.

Case: TransInvy,(uX.t1, D) = TransInv, x4, /x:,(t1, D)
Since

T 75 TAG(Splith(,uX.tl),D)
= TAG(Splith.tl/X:up(tl)v D)

the induction hypothesis yields that TransInv,(uX.t1, D) = TransInv,x, /x:,(t1, D) # {},

and therefore the lemma is fulfilled in this case.

Case: TransInv,(_,-) = {}

In none of the above cases match then TAG(Split,(t),D) = T, and therefore the lemma is

trivially fulfilled in this case.

Here are the possibilities that have not yet been matched

t=0ort=1ort=X: Since Split,(t) = [| we have that TAG(Split,(t),D) = TAG([], D) =

T.

t=1U(t1) and D = (1 +n,d'): Since Split,(I(t1)) = [I{t1)1] we have that
= TAG([], (n,d)) = T.

TAG(Split,(t), D) = TAG([I{t2)1], (1 + n,d'))

t =1I{t1) and D = (0,d) where d # (d1)e: TAG(Split,(t), D) = tag(l(t1)1,d) = T.

t =1t1 +t2 and D = (n,d) where n < |Split(t1)| and d # di1(di2d2): TAG(Split(t),D) =

TAG([tH(tth) | t11t12 € Splitcp(tl)], (’I’L,d)) =T.

We have now proved the lemma in all the cases, and we can therefore conclude that

TAG(Split,(t), D) # T = TransInv,(t,D) # {}.

Proof 19.22 (Soundness of TRANS)
We will now prove Lemma 10.18 which states that

VD' € TRANS(T, D).TAG(T, D) = TAG(SPLIT(T), D'

by induction on the calltree of TRANS(T, D).
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Induction Hypothesis:
If TRANS(T, D) calls TRANS(T1, D), we can assume that
VD, € TRANS(Ty, D1).TAG(T1, D) = TAG(SPLIT(T}), D}).

Case: TRANS([],-) = {}
Since TRANS(T, D) = {}, the lemma is trivially fulfilled in this case.

Case: TRANS(t1 :: T1,(0,d)) = Trans(t1,d)
In this case Lemma 10.5 yields that VD' € Trans(t1,d).TAG(Split(ty),D’) = tag(t1,d).
Since

TAG(ty :: T1,(0,d)) = tagtl,d)

the lemma is fulfilled in this case.

Case: TRANS(t1 :: T1, (n + 1,d)) = {(n' + |Split(t1)],d") | (n’,d') € TRANS(T}, (n,d))}

In this case TRANS(T, D) calls TRANS(T}, (n,d)) and therefore the induction hypothesis yields
that V(n/,d}) € TRANS(T}, (n,d)).TAG(SPLIT(Ty), (n},d})) = TAG(T1, (n,d)).

Since

Gty =

(t1 = T, (

G(T1, (n,d)

(IH) = TAG(SPLIT(T}),(n},d}))
(

(

SN

n+1,d))
)

= TAG(Split(t1)@QSPLIT(T}),(n} + |Split(t1)|,d}))
= TAG(SPLIT(t1 :: T1), (n} + |Split(t1)],d}))

the lemma is fulfilled in this case.

We have now proved the lemma for all the cases, and we can therefore conclude that

VD' € TRANS(T, D).TAG(T, D) = TAG(SPLIT(T), D’).

Proof 19.23 (Completeness of TRANS)
We will now prove Lemma 10.19 which states that

TAG(T, D) ¢ {e, T} = TRANS(T, D) # {}
by induction on the calltree of TRANS(T, D).

Induction Hypothesis:
If TRANS(T, D) calls TRANS(T',D") and TAG(T',D') ¢ {e, T}
then we can assume that TRANS(T, D) # {}.
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We will handle each case in TRANS separately.

Case: TRANS([],-) = {}
In this case TAG(T, D) = T and therefore the lemma is trivially fulfilled in this case.

Case: TRANS(t; :: T1,(0,d)) = Trans(t,d)

In this case TAG(T, D) = TAG(ty :: T1,(0,d)) = tag(t1, d).
We can therefore assume that tag(ti,d) ¢ {e, T}.

Now Lemma 10.8 yields that Trans(t1,d) # {}.
Therefore the lemma is fulfilled in this case.

Case: TRANS(t1 :: Th, (n+1,d)) = {(n/ + |Split(t1)],d’) | (n/,d") € TRANS(T1, (n,d))}
In this case TAG(T, D) = TAG(ty :: Ty, ((n + 1),d)) = TAG(T1, (n,d)).

We can therefore assume that TAG(Ty, (n,d)) # {e, T}.

Now the induction hypothesis yields that TRANS(Ty, (n,d)) # {}.

Therefore the lemma is fulfilled in this case.

We have now proved the lemma for all the cases, and we can therefore conclude that

TAG(T, D) ¢ {e, T} = TRANS(T, D) # {}.

Proof 19.24 (Soundness of TRANSINV)
We will now prove Lemma 10.21 which states that

TAG(SPLIT(T),D') # T = VD € TRANSINV(T, D").TAG(T, D) = TAG(SPLIT(T),D’)

by induction on the calltree of TRANSINV(T, D’).

Induction Hypothesis:
If TRANSINV(T, D') calls TRANSINV(T}, D)) and TAG(SPLIT(T}),D}) # T then we can assume
that VD, € TRANSINV(Ty, D)) we have that TAG(SPLIT(T}), D)) = TAG(Ty, Dy ).

We will consider each case in TRANSINV(T, D') separately.

Case: TRANSINV([],-) =
Since TRANSINV(T, D’)

{

}
{} the lemma is trivially fulfilled in this case.

Case: TRANSINV(ty :: Ty, (n' 4 |Split(t1)],d")) = {(n+1,d) | (n,d) € TRANSINV(Ty,(n',d’))}
In this case the induction hypothesis yields that

VD, € TRANSINV(Ty,(n',d')).TAG(SPLIT(T}), (n',d’)) = TAG(Ty, Dy).

If D € TRANSINV(T, D") = TRANSINV(ty :: Th, (n’ + |Split(t1)|,d’)) then D = (n+ 1,d) where
(n,d) € TRANSINV(Ty, (n',d')).
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Therefore we have that

I
SIS
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= TAG

Therefore the lemma is fulfilled in this case.

Case: TRANSINV(ty :: Ty, (n/,d")) = {
Assume that (n,d) € TRANSINV(T, D’
Therefore we get that

0,d) | d € TransInv(ty, (n',d))}
), then n =0 and d € TransInv(t,(n',d’)).

(n" < |Split(t1)])
(Lemma 10.14) =

I
[

S S
/—\/—\/—\/QAAA

95}
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therefore the lemma is fulfilled in this case.

We have now proved the lemma in all the cases, and we can therefore conclude that

TAG(SPLIT(T),D’) # T = VD € TransInv(T,D').TAG(T, D) = TAG(SPLIT(T), D").

Proof 19.25 (Completeness of TRANSINV)
We will now prove Lemma 10.22 which states that

VT = [t1,ts,...,tx) € XMLTypes.YD' = (n',d') € XMLDatasVj € {1,2,...,k}.
TAG(SPLIT(T), D) # T A XIZ]|Split(t;)| < n' < £I_,|Split(t;)| =
{(n,d) € TRANSINV(T,D') | n=j} # {}

by induction on |T|.

Induction Hypothesis:
If T =ty :: T1, then we can assume that

VD] = (n},d})) € XMLDatasVj, € {1,2,...,k—1}.
TAG(SPLIT(T1), D}) # T A S |Split(tiy41)| < nf < £I'_,|Split(ti,41)| =

i1=1
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{(n1,dy1) € TransInv(Ty, D)) | n1=j1} # {}
We will consider each case in TRANSINV(T, D) independently.

Case: TRANSINV([],-) = {}
In this case TAG(SPLIT([]), D’) = T and therefore the lemma is trivially fulfilled in this case.

Case: TRANSINV(ty :: Ty, (n/+|Split(t1)|,d")) = {(n+1),d) | (n/,d") € TRANSINV(T}, (n',d’))}
In this case

(

— TAG(SPLIT(t1 =Ty, (n’+ |Sp1it(t1)],d"))
TAG(
(

= TAG(SPLIT(T}),(n’ ,d’)).

Therefore we can assume that TAG(SPLIT(T}), (n',d")) # T
Now the induction hypothesis yields that

Vi € {1,2,..., k—1}.

I Spit(ti 1)) <0 < B, |Sp1it(ti, 11)| =
{(n1,dy) € TRANSINV(Ty, D)) | n1 = j1} # {}

Assume that $J_}|Split(t;y1)| < n' + [Split(t1)| < £J_,|Split(t;)| then
'_2|Split( t) <n' <% _»|Sp1it(t;)| and therefore

S/ split(tir)| < n' < $_ |Split(ti,+1)].

Th1s means that

{(n1,d1) € TRANSINV(Ty, (n',d")) | n1 = j — 1} # {} and therefore

{(n,d) € TRANSINV(t; :: Ty, (n' + [Split(t1)|,d")) | n =5} # {}.

Therefore the lemma is fulfilled in this case.

Case: TRANSINV(t1 :: Ty, (n/,d")) = {(0,d') | d' € TransInv(ti,(n,d))}
In this case n’ < |Split(t1)| and therefore n’ < ¥!_,|Split(t;)| is only fulfilled for j = 0.
Since

TAG(SPLIT(T), D))
G(SPLIT(t; :: T), (n',d"))
(
(

G(Split(t1)@QSPLIT(Ty), (n',d'))
G(Split(ty),(n',d"))

Lemma 10.15 yields that TransInv(ty, (n',d")) # {} and therefore
{(n,d) € TRANSINV(t; :: Ty, (n',d")) | n =0} # {}.
Therefore the lemma is fulfilled in this case.

SIS

We have now proved the lemma for all cases and we can therefore conclude that

VT = [t1,ts,...,tx) € XMLTypes.YD' = (n',d') € XMLDatasVj € {1,2,...,k}.
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TAG(SPLIT(T), D) # T A XI_!|Split(t;)| < n' < ¥I_,|Split(t;)| =
{(n,d) € TRANSINV(T,D") | n = j} # {}.

Proof 19.26 (Substitution Lemma for esp)
We will now prove Lemma 11.3 which states that

X ¢ fv’(t) = esp(t) = esp(t[t'/X])

by induction on |t|.

Induction Hypothesis:
If |t1] < |t| and X ¢ fv’(t1) then we can assume that Vt".esp(t1[t" / X]) = esp(t1).

Case: esp(0) = {}
Since t[t'/X] =t the lemma is fulfilled in this case, because esp is a function.

Case: esp(l) = {e}
Since t[t'/X] =t the lemma is fulfilled in this case, because esp is a function.

Case: esp(l(t1)) = {}
In this case esp(t[t'/X]) = esp(l{t1)[t'/ X]) = esp(l{t1[t'/ X])) = {}.
Therefore the lemma is fulfilled in this case.

Case: esp(t; +t2) = if esp(t1) # {} thenesp(t;) elseesp(ts2)

Since £fv’(t; + t2) = £v’(t1) U £v’(t2) the induction hypothesis yields that
esp(ty) = esp(t1[t'/X]) and

esp(ty) = esp(t2[t’'/X]) and therefore we have that

esp(t; +ta) = if esp(t1) # {} thenesp(t1) elseesp(ta)
(2x IH) = if esp(t1[t'/X]) # {} thenesp(t1[t'/X]) elseesp(ts[t'/X])
— esp((talt'/ X)) + (taft'/X]))
— esp(ts + 121/ X]).

Therefore the lemma is fulfilled in this case.

Case: esp(tity) =

Since fV’(tltg) =
esp(ty) = esp(ti[t
esp(te) = esp(tat

{d1dy | dy € esp(t1) Ady € esp(te)}

fv (t ) U £v’(t2) the induction hypothesis yields that

'/ X]) and

'/ X]) and therefore we have that

esp(tltg) = {d1d2 | dy € eSp(tl) ANdy € eSp(tg)}

(2 X IH) = {d1d2 | dy € esp(tl[t//X]) ANdo € eSp(tQ[t//X])}
= esp((t1[t'/X])(t2[t'/X]))
= esp(tito[t'/X]).
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Therefore the lemma is fulfilled in this case.

Case: esp(uY.t1) = esp(t1)

Since fv’(t) = fv’(uY.t1) = £fv’(t1)\{Y} we have that if X ¢ fv’(t) then X ¢ fv’(t1[{Z/Y])
ifZ 4 X,

Now the induction hypothesis yields that esp(t1[Z/Y]) = esp(t1[Z/Y][t'/X]), and therefore
we have that

[0}

sp(uYt1[t'/X])
= esp(uY.(t1[Z/Y][t'/ X]))
sp(t1[Z/ Y[t/ X])
(
(
(

Il
o

(IH) = esp(t1{Z/Y])
esp(uZ.(t1[Z/Y1))
= esp(uY.ty).

Therefore the lemma is fulfilled in this case.

Case: esp(Y) = {}

Since fv’(Y') = {Y'} we know that X #Y.

Therefore we know that t[t'/X]| = Y[t'/X] =Y = t, and therefore the lemma is fulfilled in
this case, since esp is a function.

We have now proved the lemma for all cases, and can conclude that

X ¢ fv’(t) = esp(t) = esp(t[t'/ X]).

Proof 19.27 (Substitution Lemma for Split)
We will now prove Lemma 11.4 which states that

X ¢ fv°(t) = Split,(t[tx/X]) = [t'[tx/X = ¢] |t € Split(t)]
by induction on |t|.
Induction Hypothesis:

If |t1] < |t| and X ¢ fv’(t') then we can assume that
Split, (ti[t"/X]) = [¢'[t"/X = /] | V' € Split/(ty)] for all .

We consider each form of t separately.

Case: t=0

In this case

Split(t) = Split(0) = [, and

Split@(t[tX/X]) = Split@(O[tX/X]) = Split¢(0) =]
Therefore the lemma is fulfilled in this case.

Case: t =1
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In this case

Split(t) = Split(1) =[], and

Split@(t[tX/X]) = Split@(l[tX/X]) = Splitw(l) =]
Therefore the lemma is fulfilled in this case.

Case: t = I(t1)
In this case Sp1it(l{t1)) = [I(t1)1].
This means that

Split,,(ttx/X])
— splat,(I(t:)[tx /X))
Splitw(l<t1[tX/X]>)
[t [tx /X = @])]]
[{t)1tx /X = ]
['ltx/X ] [t € [1{t)1]]
[t'tx/X ] | ' € Split(t)]

Therefore the lemma is fulfilled in this case.

Case: t = t1tq
In this case

Split(tita) = if esp(t1) # {}
then [I(t11)(t12t2) | I{t11)t12 € Split(t1)|QSplit(ts)
else [I(t11)(t12t2) | I{t11)t12 € Split(t1)].

Since X ¢ fv’(t) Lemma 11.3 yields that esp(t) = esp(t[tx/X]).
Therefore we know that esp(t) = {} if and only if esp(t[tx/X]) = {}.

If esp(t) = {} then

Split(t) [ <t11>(t12t2) | l<t11>t12 S Split(tl)] and

Split,(t[tx/X]) = [[{tin)(tr2(t2[tx /X = ])) | {{t11)tr12 € Split,(t1[tx/X])].
In this case the induction hypothesis yields that Split,(ti[tx/X]) = [t'[tx/X = o] | ' €

Split(ty)].
Therefore
Splitw(tltg[tx/X])
= [I[{ti)(fa(t2tx /X = @])) [ U{tn)ti2 € Split,(t[tx/X])]
(IH) = [[{tun)(tia(taltx /X = @) | U{tin)tin € [t'[tx /X ] | ¢ € Split(ty)]]

!
!
ltx/X ] |t € [I{t11)(t1ate) | I{t11)t12 € Split(ty)]]
t'tx )X = @] | t' € Split(tity)).

tx /X =) (tia[tx /X @] (taltx /X = ])) | U{tn)tie € Split(ty)]
1>(t12t2)[tx/X i go] | l<t11>t12 € Split(tl)]

{
{
{

ty
ty

[
[
[
[
[
[
Therefore the lemma is fulfilled in this case.
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If esp(t) # {} then
Split( ) [l<t11>(t12t2) | l<t11>t12 S Spllt( )]@Spllt(tg) and

Split,(t[tx/X]) = [[{t1n)(tr2(t2[tx /X = ])) | {{t11)t12 € Split,(t1[tx/X])|@Split, (t2[tx/X]).
We get in the same way as above, that

[[(t1n) (a2 (taltx /X 2 @])) | Utin)tie € Split,(titx/X])] =

[t,[tx/X 21 QO] | t' e [l<t11>(t12t2) | l<t11>t12 S Split(tl)“.

The induction hypothesis yields that Split,(t2[tx/X]) = [t'[tx/X : o] [t € Split(ta)].
Therefore we have that

Split (tth [tx/X])

Utin) (tr2(taltx /X = @])) [ I{tin)ta2 € Split,(t1ftx/X])]@Split,, (a2t x/X])
| t e [ ( 1>(t12t2) | l(t11>t12 € Spllt(tl)]]@split@(tg[tx/X])
)
)

¢
ex /X @) |t € [I{t11) (tiata) | U{t11)t12 € Split(ty)]]Q[H [tx /X = ] | t' € Split(ts)]
/[tx/X i (p] | t' e [ (tu (tlgtg) | l(t11>t12 € Split(tl)]@Split(tg)]

[ o] | t' € Split(tits)].

Therefore the lemma is fulfilled in this case.

Case: t = t1 + 1o

In this case Split(t; + ta) = Split(t;)Q@QSplit(ts).

Since fv’(t; + t2) = £v’(t1) U £v’(t2) the induction hypothesis yields that
Split,(tiftx/X]) = {t'[tx/X : ¢] [t € Split(t1)} and
Splitw(tg[tx/X]) = {t,[tx/X b go] ‘ t' e Split(tz)}.

Therefore

Split,(t + taftx /X))
= Split,(ti[tx/X])@Split,(tatx/X])
2xIH) = [t'[tx/X ]|t € Split(t))]Q[t'[tx/X = o] | t' € Split(ts)]
= [t[tx/X = ¢] | t' € Split(ty)@QSplit(ts)]
= ['[tx/X = ¢] |t € Split(ty + t2)].

Therefore the lemma is fulfilled in this case.

Case: t = uY.t;

In this case Split(pY.t1) = Splity,y, /vi(t1)-

If we choose Z ¢ fv(t1) then the induction hypothesis yields that
Splity,y,, ;v)(t[Z/2]) = ['[Z/Z][uY.t1/Y] | ' € Split(t1)], and therefore
Split[,uY.tl/Y] (tl) = [t/[uY.tl/Y] | t' e Split(tl)].

We get that uY.ti[tx/X] = pZ.(t1[Z/Y][tx/X]) where Z ¢ fv(tx) U{X}U fv(uY.ty).
Since we have assumed that X ¢ fv’(uY.ty) = £v’(t1)\{Y }, we know that X ¢ fv’(t1[{Z/Y]).
Therefore the induction hypothesis yields that

Split, (t1[Z/Y][tx/X]) = [t'[tx/X = |t € Split(t1[Z/Y])].
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Therefore

Split,(uY.ti[tx/X])

= Split,(uZ.(t[Z/Y][tx/X]))

= Splityy 112/ v]itx /X)) 2200112/ Y]Ex /X])
(IH) = [[tx/X = pZ.(0[Z/Y[tx/X])/Z = ¢] | ¢ € Split(t[Z/Y])]
[tx/X = pYitaftx/X]/Z = @] | ¢ € Split(ti[Z/Y])]
"uYit1)Z itx )X =] |t € Split(t1[Z)Y])]
WYt )Y iitx /X ] |t € Split(ty)]
Ttx/X o] [ 1€ [t"[uYt /Y] | " € Split(t1)]
[
[

(Lemma 3.4)

!/

(IH) = ! tX/X . QO] ‘ t, S Spllt[MYtl/Y}(tl)]

tx/X @] |t € Split(uY.ty)).

[
[
[
[
[
[
[

t
t
t
t
t
t

Therefore the lemma is fulfilled in this case.

Case: t =Y

In this case Split(Y) = ||

Since fv’(Y) ={Y} and X ¢ fv’(t) we know that Y # X.

This means that Split,(t[tx/X]) = Split(Y[tx/X]) = Split,(Y) = [| and therefore the
lemma is fulfilled in this case.

We have now proved the lemma for all the cases, and can conclude that

X ¢ fv°(t) = Split,(t[tx/X]) = [t'[tx /X = ¢] | t' € Split(t)].

Proof 19.28 (Substitution Lemma for Deriv)
We will now prove Lemma 11.5 which states that
Vt/,X, tx, go.tr{X}(t/) A tr{X}(tx) =
{tj | [{t1)ts € Split@(t/[,uX.tx/X]) Nje{l,2}}
C {ti[uXtx/X =] | 1{t)ty € Split(t') Aj € {1,2}} U{t"[uX.tx/X :: o] [ t" € Derivs(tx)}

by induction on |t'|.

Induction Hypothesis:
If |t"| < |t'| and tr{X}(t”)
then we can assume that

{t; | l{t1)t2 € Split,, (¢"[uX.tx]) Nj € {1,2}}
C {ti[uXtx/X = @] |I{th)ty € Split(t") Aj € {1,2}} U{th[uXtx/X :: '] | t] € Derivs(tx)}.

We handle the each form of t' independently.
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Case: t' =0
In this case Split,(t'[uX.tx/X]) = Split,(0) = [] and therefore the lemma is vacantly ful-
filled in this case.

Case: t' =1
In this case Split,(t'[uX.tx/X]) = Split,(1) =[] and therefore the lemma is vacantly ful-
filled in this case.

Case: t' = 1(t})
In this case
Split,(t'[uX.tx/X])
= Split, (I{t)[uX tx/X])
—  Split, (I(t)[uX.tx/X]))
— X b /X 5 1]
= [ty [pXtx/X = o) (UpX tx /X = ¢])].
Therefore it is sufficient to show that 1,t} € {t | I{t])ty € Sp1it(t') Aj € {1,2}}.

Since Split(t') = Sp1it(I(t})) = [I(t})1] this is true.
Therefore the lemma is fulfilled in this case.

Case: t' =t}
In this case

SpLit(fy) = if esp(t}) = {)
then [I(t})(t1aty) | [{t1q)t1o € Split(t))]
else [I(t11)(t1aty) | I{t]1)tho € Split(t))@Split(ts)

and
Split, (ttluXtx/X]) = if esp(th[uX.tx/X]) = {}
then [I{thq) (12 (t5 [ X tx /X 2 @])) | I{t11)tha € Split,(t

else [I(thy) (tia(ta X tx /X 2 @])) | {th1)t1y € Split,(t
Split,(ta[uX tx /X]).

(X tx/X])]
[nX.tx /X))@

—_~ =~

Since we know that tryxy(tt), we know that X ¢ fv’(t]).
If esp(t}) = {} then Lemma 11.3 yields that esp(t}[uX.tx/X]) = esp(t}) = {}.
This means that

Split,(t1to[uX.tx/X])
(t11) (Mo (3 [ Xt x /X w2 @])) | U{thy)t € Split,(ty[pX.tx /X])]
(t10) (o (L[ X tx /X w2 ])) | U{t1)thy € [t (X tx /X 2 ] [ 8] € Split(t))]

[l
[l
[t (Xt /X 2 @]) (t1a[nX X /X o) (B Xt /X 2: @])) | Ut thg € SPLit(t])]
[
[

(Lemma 11.4)

I{t10) (Froty) [nX tx /X 1 @] | 1{t1)t1y € Split(t])]
t"[pX.tx/X = @] | " € Split(t)ty)].
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This means that

{tj | [{t1)ts € Split@(tllté[pX.tx/X]) Nje{l,2}}
= {t; | Ut1)ta € {I"(t])[uX tx/X = @] | I"(#])t5 € Split(t)th)} A j € {1,2}}
= {tJ[uX.tx/X =] [1"(t])ty € Split(tity) Aj € {1,2}}.

Therefore the lemma is fulfilled in this case.

If esp(t}) # {} then Lemma 11.3 yields that esp(t}[uX.tx/X]) = esp(t}) # {}.
This means that

Split,,(tth[uX tx /X))
= [t (B (t[nX tx /X = @])) | 1{t11)thy € Split,(t[nX tx/X])]@
Split,(ta[uX.tx/X])
(Lemma 11.4) = [[{ty)(t1o(ta[uX tx /X = @])) [ Uth)th € [11[nX tx /X ] [ £] € Split(t))]]@
Split,(ta[uX.tx/X])
= [1{th)) (t1ats) [ X tx /X o ] | 1{t11)t15 € Sp1it(t))|@Split, (ty[nX tx/X])

This means that

{t; [ 1{t1)t2 € Split,(t

= {tj[uXtx/X =] | Ut

{t; | l{t1)t2 € Split,(t

(IH) = {tj[uXtx/X =] |t
{5 [uXtx /X ] | U(th

toluX.tx/X]) A j € {1,2}}

)ty € T ) (Brata) T 1)y € SPLEEE] A € {1,2}} U
[nXtx /X)) Njed{1,2}}

)t € [U[(t1) (thath) [ Ut11)tho € Split(ty)] Aj € {1,2}} U
)th € Split(th) Aj € {1,2}} U

/
1
/
1
/
2
/
1
/

{t"[uXtx/X | | t" € Derivs(tx)}
= {tj[nXtx/X ] [ V()15 € [I(th,) (ot
{"[pXtx/X o] | t" € Derivs(tx)}
(ot

)

AS)

D) 1), € Split(#;)] USplit(#h) A j € {1,2}} U

AS)

= {tjlpXtx/X ] [ Ut € [[{th,) (#1915) | 1{t11)t1, € Sp1it(t))]@Split(ty) Aj € {1,2}} U
{"[uXtx/X 2| | t" € Derivs(tx)}
= {tj[uXtx/X = o] | I(t) Oth € Split(thth) Aj € {1,2}} U

]
{"[uXtx/X ] | t" € Derivs(tx)}.

Therefore the lemma is fulfilled in this case.

Case: t' =t} +t}
In this case
Split,(t'[uX.tx/X])
= Split,(t) +ty[uX.tx/X])
= Split,(t)[uX.tx/X])@Split,,(t5[uX.tx/X]).
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Therefore the induction hypothesis yields that

{uj | ur)ug € Split, () [nX tx/X]) A j € {1,2}}
C {uj[uX.tx/X = @] | luy)uy € Split(th) Aj € {1,2}} U{u'[uX.tx/X = o] | v € Derivs(tx)}

and

{Uj | l<U1>’LL2 S Splitw(tlz[pX.tx/X]) Nj€E {1,2}}
C {uj[uX.tx/X = @] | luy)uy € Split(th) Aj € {1,2}} U{u'[uX.tx/X = o] | v’ € Derivs(tx)}.

Since Split(t) +t5) = Split(t))QSplit(t}) we get that

{Uj | {ug)ug € Splitp(ta —I—té[,uX.tx/X]) Nje{l,2}}
C {uj[uXtx/X @] | uy)uy € Split(ty +t5) Aj e {1,2}} U
{W[pX.tx/X :¢] | v € Derivs(tx)}.

Therefore the lemma is fulfilled in this case.

Case: t' = pY'.t)
If we chose Z ¢ fv(t1) U fv(tx)U{X} then

Split(uY.ty)
= Splityyy, /yvi(t1)
= Splityy,, v)(t1lZ2/Z])
(Lemma 11.4) = [t"[Z/Z = nYt1)Y] | t" € Split(ty)]
= [t"[uYt1/Y]| 1" € Split(t:)]
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Therefore we get that

{Uj | l<U1>UQ € Splitp(t’[pX.tx/X]) NjE {1,2}}
= {u; [ ur)uz € Split,(uYt1[pX.tx/X]) Nj € {1,2}}
= {u; | lui)ug € Splitp(,uZ.(tl[Z/Y][,uX.tX/X])) Aje{l1,2}}

= Ay [ Kw)ua € Sp1it,, 5 4 12/v uxax /X)) 200 (G 12/ Y ][0X tx /X]) A j € {1,2}}
(IH) = {u[uX.tx/X = pZ (02 Y )Xt/ XD)/Z 5 0] | U)oty € SPTERBIZIV) A j € {1,2}) U

{WpXtx/X = pZ.(4[Z2)Y])[pXtx/X])/Z ] | u' € Derivs(tx)}

= {uj[uXitx/X = pY i [pXtx/X]/Z ] | U'(uy)uy € Split(t[Z/Y]) A j € {1,2}} U
(W pXtx/X = pYth[uXtx/X])/Z ] | u' € Derivs(tx)}

(Lemma 3.4) = {uj[uY.t1/Z = pXtx/X @] | U(uy)uy € Split(t1[Z/Y]) Aj e {1,2}}U

WYty )Z = uXtx/X | | v € Derivs(tx)}

= {Wj[pYtr)Y = pXtx/X o] | U{ul)uy € Split(ty) Aj € {1,2}} U
WYty )Z = uXtx/X ] | v € Derivs(tx)}

= {uj[uXtx/X = @] [ U{uy)uy € Split(uYt) Aj € {1,2}} U
W puYit1)Z = uXitx/X o] | v € Derivs(tx)}

— UKt /X o] |ty € SPITEGRYE) A j € 1,21} U
{W[uX.tx/X = ¢] | v € Derivs(tx)}.

Where the last equality is fulfilled because Z ¢ fv(tx) and therefore not in v’ € Derivs(tx).
Therefore the lemma is fulfilled in this case.

Case: t' =Y
If X =Y then
Split,(t'[uX.tx/X])
= Split,(uX.tx)
= Splity,X.tX/X::go(tX)
= Split,x; /x..(tx|Z/Z]) where Z ¢ fv(tx)
= ["[Z)Z : uXtx/X ] | t" € Split(tx)]
= [t"[uX.tx/X ] | 1" € Split(ty)).

Therefore we have that

{uj [ lur)ug € Split, (¢'[uX.tx/X]) A j € {1,2}}
= {uj | {u)ug € [t"[uX.tx/X = @] | t" € Split(tx)] A j € {1,2}}
= {uj[uXtx/X = @] [ l{ur)uz € Split(tx) Aj € {1,2}}
C {W[uXtx/X]|u € Derivs(tx)}.

Therefore the lemma is fulfilled in this case.
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If X #Y then Split(t'[uX.tx/X]) = Split (Y [uX.tx/X]]) = Split,(Y) = [| and there-
fore the lemma is vacantly fulfilled in this case.

We have now proved the lemma for all the cases and we can therefore conclude that

{tj [ [{t1)t2 € Split, (¥ [uXtx]) Nj € {1,2}}
C {ti[uXtx/X =] | [{th)ty € Split(t') Aj € {1,2}} U{th[uX.tx/X :: @] |t} € Derivs(tx)}.
|

Proof 19.29 (Deriv boundary for pX.t)
We will now prove Lemma 11.6 which states that

VuX.ix, S
Deriv(S)

{t'[nX.tx/X] |t € Derivs(tx)} U{uX.tx}.

C
C {t[uX.tx/X]|t € Derivs(tx)}.

This follows from the following inclusions.

Deriv(S) = [ J{t; | l{t)t2 € Split(t) Aj € {1,2}}
tesS

C U {t; | 1{t;)ts € Split(t) Aj € {1,2}}
te{t'[uX.tx /X]|t' €Derivs(t1)}
U{tj ‘ l<t1>t2 € Split(/LX.tx) NjE {1,2}}
= U {t [ Kt)te € Sprit(t[uX tx/X]) Aj € {1,2}}
t'€Derivs(ty)
U{t; | I(t1)t2 € Splity, x4 /x)(tx) A J € {1,2}}
(Lemma 11.4) = U {t [ 1)tz € Sprat(t[uX tx/X]) Aj € {1,2}}
t'€Derivs(ty)
U{tj[,uX.tx/X] | l<t1>t2 S Split(tx) NjE {1,2}}
(Lemma 11.5) C U (teXtx/X] | 1{t1)ts € SpLit(t) Aj € {1,2}}
t'€Derivs(ty)

U{t"[uX.tx/X] | t" € Derivs(tx)})

U{t;[uX.tx/X] | I{t1)tz € Split(tx) Aj € {1,2}}
(t' € Derivs(tx)) = U {t"[nXtx/X]|t" € Derivs(tx)}
t'€Derivs(t1)
U{t;[uX.tx/X] | I{t1)tz € Split(tx) Aj € {1,2}}
{t"[nXtx/X] | t" € Derivs(tx)}
U{t;[uX.tx/X] | I{t1)tz € Split(tx) Aj € {1,2}}
{t"[uXtx/X]|t" € Derivs(tx)} U {t"[uX.tx/X]|t" € Derivs(tx)}
= {t"[uX.tx/X]|t" € Derivs(tx)}.

N

(tx € Derivs(tx))

N
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Proof 19.30 (Deriv boundary for t¢;t3)
We will now prove Lemma 11.8 which states that

Viti,to € XMLTypeVS
Deriv(S)

{t'ty | t' € Derivs(ty)} UDerivs(t;) UDerivs(ta) U {tits}.
{t'ty | t' € Derivs(t1)} UDerivs(t;) UDerivs(ta) U {tits}.

N 1N

Since Deriv(S) = Upcglt; | 1{t1)to € Split(t') Aj € {1,2}}, we let
t" € S C{t'ty | t' € Derivs(t1)} U Derivs(t;) U Derivs(tz) U {tita} be chosen.

Assume that t” € {t'ty |t € Derivs(t1)}, so t” = t'ty where t' € Derivs(ty).

Then Split(t”) = Split(t,tg) - {l<t11>(t12t2) ‘ l<t11>t12 € Split(tl)} U Split(tg).

Therefore if [{t} )ty € Sp1it(t") then t| € Derivs(t1) U Derivs(ts) and

th, € {t1ata | t12 € Derivs(t1)} U Derivs(ta) so we can conclude that

{t; | Ut1)ta € Split(t) Aj € {1,2}} C {t'ta | t' € Derivs(t;)} U Derivs(t;) U Derivs(ty) U

{t1t2}.

Assume that t” € Derivs(t;) = |2, Derivi({t;}) where j € {1,2}.
This means that 3i € N.t" € Deriv'({t,}), so we can conclude that

{ti | U(t)ty € Sp1it(t”) Ak € {1,2}}
U {6 16, € Spime@) Ak € {1,2}}
t'€Derivi({t;})
= Deriv(Deriv'({t;}))
= Deriv'™({t;})
Derivs(t;)
{t'ty | t' € Derivs(t1)} UDerivs(t;) UDerivs(ta) U {tita}.

N

NN

Finally assume that t" = tyts.

There are two cases for Split(tits), but both satisfy the following.

Split(t”) = Split(tltg) - {l<t11>(t12t2) ‘ l<t11>t12 S Split(tl)} U Split(tg),SO if

I(th)th, € Split(t") then t| € Derivs(t;) U Derivs(tz) and

th € {t'ta | t' € Derivs(t1)} U Derivs(ts) so we can conclude that

{t; | Ut1)ta € Split(t) Aj € {1,2}} C {t'ta | t' € Derivs(t;)} U Derivs(t;) U Derivs(ty) U

{t1t2}.

We can now conclude that

Deriv(S) = | J{t; |{t1)ta € SpLit(t") Aj € {1,2}}
t''eS

N

U {t; | 1(t1)t2 € Split(t") A j € {1,2}}

t" €{t'ta|t' EDerivs(t1 ) }UDerivs(ti)UDerivs(ta)U{t1t2}
C {t'ty |t € Derivs(t;)} UDerivs(t;) U Derivs(ty) U {t1t2}
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Proof 19.31 (Soundness of simulations)
We will now prove Theorem 12.3 which states for all simulations R that

TiRT, =F T1<:Ts.

We assume that R, Ty, T» are chosen such that TyYRT,. Assume that x € IN[T1].
We will now prove that x € IN[T] by structural induction on x.

Induction Hypothesis:
If ' is a sub-term of x, 2/ € IN[T]] and T{RT, then we can assume that x’ € IN[T3].

Case: x =¢

In this case € € IN[T}]. Corollary 7.10 yields that ESP(T1) # {}. Since TyRT> the definition
of simulations yield that ESP(Ty) # {}, and now Corollary 7.10 yields that x = ¢ € IN[T],
which concludes this case.

Case: x = <I>x1</1>x9
Since <I>x1</l>x9 € IN[T1], then Corollary 10.23 yields that <I>x1</l>x9 € IN[SPLIT(T1)]
and Lemma 4.9 yields that 3 (t11)t12.<I>x1</1>x9 € in[l(t11)t12]. The definition of in[-] now
yields that x1 € in[t11] and x9 € in[t;o].
We now define

S = {l,<t21>t22 € SPLIT(TQ) ‘ T9 € in[[tgg]]}.

Since R is a simulation, one of the following properties must be fulfilled

3101 [t11]RTo1 A Tox = {to1 | I{ta1)t2e € S}
ElTQQ.[tlQ]RTQQ ATy = {t22 | l<t21>t22 € SPLIT(TQ)\S})

Assume that the second property is fulfilled. Then [t12]RT52.

Since x5 € inftio] = IN[[t12]] the induction hypothesis yields that xo € IN[Tha].

Lemma 4.9 yields that zo € U, 7, in[t2e] = Ul,<t21>tQQESPLIT(T2)\S inftes].

This means that there must be l'(ta1)tog € SPLIT(T2)\S.z2 € in[tes].

This is a contradiction, since we defined S = {l'(ta1)teo € SPLIT(Ty) | x2 € in[tas]}.

We can therefore conclude that the second property can not be fulfilled. Therefore the first
property must be fulfilled.

This means that [t12]RT5;.

Since x1 € in[t11] = IN[[t11]] the induction hypothesis yields that 1 € IN[Tb;].

Now Lemma 4.9 yields that x1 € Uy, 75y infta1] = Uiy, )0 es 10t

This means that there must be [(ta1)to2 € S such that x1 € in[to].

Because of the way we have defined S we know that xo € in[tes] and now the definition of
in[[-]] yields that <I>x1</l>xy € in[[l<t21>t22]] - UtQEm in[[tg]].

Now Lemma 4.9 yields that <l>x1</l>xy € IN[SPLIT(T3)] and Corollary 10.23 yields that
<I>x1</1>x9 € IN[Ts], which concludes the induction step.

We can therefore conclude that Yx € IN[T1].x € IN[T»], which means that IN[Ti] C IN[T3],
and we can therefore conclude that E T1<:T5. m
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Proof 19.32 (Completeness of simulations)
We will now prove Lemma 12.6 which states that

R«. is a simulation.

We will prove that the the properties of a simulation is fulfilled by R«..

T\R<To = ESP(Tl) 75 {} = ESP(TQ) 75 {}

If ESP(Ty) # {} then Corollary 7.10 yields that € € IN[T1]]. Since TiR<.T> then IN[Ti] C
IN[T5] and therefore € € IN[T5]. Now Corollary 7.10 yields that ESP(T») # {}, so this prop-
erty is fulfilled.

T'Re.Thr = Vl<t11>t12_€ SPLIT(T1).VS C SPLIT(T5).

(FTo1.[t11] R« Tor ANTo1 = {ta1 [ I{ta1)t22 € S}V

(3T22.[t12]R<:T22 NTH2 = {t22 | l<t21>t22 S SPLIT(TQ)\S):

Assume there is a T1,T5,1{t11)t12 € SPLIT(T}),S C SPLIT(T,) such that the above is not
fulfilled, that is o

(VTo1.[tin] Re:Tor V Ton # {ta1 | U{t21)t22 € S} A

(VTQQ.[tm] Re.Too VT # {t22 | l<t21>t22 S SPLIT(TQ)\S).

&W select T51,T5o such that o

To1 = {t21 | l<t21>t22 S S} and Ty = {t22 | l<t21>t22 S SPLIT(TQ)\S}.

We can obtain T5, and Thy from [tgl | l<t21>t22 € SPLIT(T2)] and [tgg ‘ l<t21>t22 € SPLIT(TQ)]
by removing the exceeding elements.

Since To1 = {t21 | l(ta1)tas € S} the assumed T, Ty, {t11)t12 and S now yields that
[t11] R<.To1, which means that in[t11] = IN[[t11]] € IN[T2].
This means that there is an x1 € in[t11] such that x1 ¢ IN[T%].

Since Toy = {to1 | I{ta1)tas € SPLIT(T3)\S} the assumed Ty, T, 1{t11)t12 and S now yields
that [tm] R<.Too, which means that in[[tlg]] = IN[[[th] Z IN[[TQQ]].
This means that there is an x9 € in[ti2] such that xo ¢ IN[T52].

Since there is an x1 € in[t11] such that x1 ¢ IN[T] Lemma 4.9 yields that

Z1 ¢ Ut21EH in[[tzl]] = Ul<t21>t22€5 in[[tzl]L
and the result of this is that <I>x1</1>%2 & Up 1)1, 5 10[1' (t21)t22].

Since there is an x9 € in[t15] such that xo ¢ IN[Tss] Lemma 4.9 yields that

e §é UtQQET_QQ in[[t22]] - Ul<t21>tQQESPLIT(T2)\S in[[tm]]’
and the result of this is that <I>x1</l>x9 ¢ Ul’<t21>t22€m\s inf[l' (ta1)tea].

Combining this, we get that <I>x1</l>xo ¢ Ul,<
now yields that <l>x1</l>xy ¢ IN[SPLIT(T5)].

t21>t22673PLIT(T2) in[[l’<t21>t22]], and Lemma 4.9

Finally Corollary 10.23 yields that

<I>x1</1>x9 ¢ IN[T3]. Since <I>x1</1>x9 € in[l(t11)t12] € IN[SPLIT(T})] C IN[T1] we can
conclude that IN[T] € IN[T»].

We can now use contraposition to conclude that
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T'Re.Thr = Vl<t11>t12_€ SPLIT(T1).VS C SPLIT(T5).
(FTo1.[t11] R Tor ANTo1 = {ta1 [ I{ta1)t22 € S}V
(3T22.[t12]R<:T22 NTH2 = {t22 | l<t21>t22 € SPLIT(TQ)\S).

This proves the second property, and we can conclude that R«. is a simulation. m

Proof 19.33 (Completeness of finite simulations)
We will now prove Theorem 12.8 which states that

VT, T, € XMLTypes. = T1<:T> = Ry, 1, is a finite simulation such that T1RT>.

Select T1,Ty € XMVLTypes such that F T1<:T5.
Now we only need to prove the following properties for R, 1,.

® Ry, 1, is a simulation
® Ry, 1, is finite

o T'"Rry 115
We will now prove them in order.

Ry, 1, is a simulation.

First we need to prove that T{ R, 1,Ty = ESP(T]) # {} = ESP(Ty) # {}.

This is trivial, since T{ R, 1,15 = T{R<.Ty and since R, is a simulation we have that
ESP(T]) # {} = ESP(T}) £ {}.

Now assume that T{Rp, 1,T5.

Then we know that T{R<.Ts, that T] C DERIVS(T}) and that Ty C DERIVS(T}).

Now select [{t11)t12 € SPLIT(T}), and S C SPLIT(T3).

Since T{R<.T5, and R«. is a simulation, we know that

(FTo1.[t11] R« To1 A To1 = {t21 | U{ta1)t22 € S)V

(3T22.[t12]R<:T22 NThy = {t21 | l<t21>t22 € SPLIT(TQ)\S).

If the first clause is fulfilled, then [t11]R<.To1.

This does not necessarily mean, that [t11|Rr, 1,To1, but if we define Ty, = T, with multiple
occurances removed, then we have that Ty, = Ts1, and therefore IN[Ty,] = UteE inft] =
Usersy inlt] = IN[To1]. Since [t11]R<.To1 means that IN[[t11]] C IN[T21] = IN[Ty] we have
that [t11]R<.Ty, and since T—2’1 = Ty = {to1 | [{ta1)tae € S} and T4, was defined to have no
multiple occurances, we have that

@]RThTQTQ/l A T2/1 = {t21 | l<t21>t22 S S}, SI'HE

T2,l - {tgl ‘ l<t21>t22 € SPLIT(TQI)} - DeriV(Té) - DeriV(DERIVS(Tg)) - DERIVS(TQ).

If the second clause is fulfilled, then [t12]R<.T5a.
This does not necessarily mean, that [t12| R, 1,Tee, but if we define Ty, = Ty with multiple

occurances removed, then we have that T}, = Ty, and therefore
INTh] = U,z nlf] = Uyers; nlf] = IN[To2].
Since [t12]R<.To2 means that IN[[t12]] C IN[Ta2] = IN[T4,] we have that [t12)R<.Ts, and
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since T—2’2 = Tho = {to2 | l{ta1)tas € SPLIT(T,)\S} and Ty, was defined to have no multiple
occurances, we have that

[tlg]RTl7T2T2,2 VAN T2/2 = {t22 | l<t21>t22 S SPLIT(TQ)\S), since

Tho C {tag | {ta1)tae € SPLIT(T})} C Deriv(Ty) C Deriv(DERIVS(Ty)) C DERIVS(Ty).

We can therefore conclude that Vi(t11)t12 € SPLIT(1}).VS C SPLIT(13).
(HTgl.[tH]R<;T21 A & = {t21 | l<t21>t22 € S) V
(3T22.[t12]R<;T22 ATy = {t21 | l<t21>t22 S SPLIT(TQ)\S).

We have now proved that R, 1, fulfills both properties of a simulation, so R, r, is a simu-
lation.

R, 1, Is finite.

Corollary 11.12 yields that DERIVS(T) and DERIVS(T5) are finite sets, and therefore all

(17, 73) € Ry, n,\{(T1,T2)} must fulfill that T and T} are permutations of elements from
these finite sets. Because there are finitely many of these permutations Rr, 1, is a finite set.

TRy, 1, T5.
Since (T4,T») is explicitly added to R, 1,, this property is fulfilled.

We have now proved all the desired properties for R, 1,, and can therefore conclude that
R, 1, is a finite simulation such that T\Rr, 1,7T5. m

Proof 19.34
We will now prove Lemma 13.5 which states for all finite simulations R that

TIRTy AT, =Ty ATy =To = VI.T - Ti<:Ty
by induction on |{(T!,T4) € R |V(T{,Ty) € T.T7 # T{ vV Ty # Ts}|.

Start:

IF [{(T}, T3) € R | (T}, T§) € DI # T{ v T] #T3}| = O then

(T}, T3) € R | W(TY,Ty) € DT} # TV TJ # T3} = {).

Since 3(T],Ty) € RTy = T] ATy = Ty there must be (T{,Ty) € T such that Ty = T!" and
T, =Tj.

We can therefore use the rule sub-hyp to conclude that I' - T1<:T5.

Induction Hypothesis: o o

If (U,U3) € R such that Uy = U] and Uy = U} and o
i(U{i]ﬁ) ER| V(U Uy) e T".UY #U vUY £ UL < {(T7,T3) € R | Y(TY,Ty) e T.T) #
TV 1] # T3}

then we can assume that IV - U;<:Us.

Step: |[{(T1,T3) € R | V(I 1)) e DIV £ T{ VT3 # T3} > 0

If (1), TY) € T.Ty = T{' N'To = Ty then we can prove the desired using rule sub-hyp as in
the induction start.

131



19.1 Technical Proofs 19 APPENDIX

Otherwise V(T{',Ty) € T.Ty # T7 VT, # Tj. -
This means that [{(U],U;) € R | Y(U/,Uy) € T U{(T1,T)}.Uy # U v Uy # Us}| <
(T}, T}) € R | V(TY,T§) € LAY £ TV T] £ Tyl

We will now show that the we can prove the desired using the sub-diff rule.

First we need to check that ESP(T1) # {} = ESP(T») # {}.

This follows directly from the fact that (T1,T») € R since it is one of the requirements of a
simulation.

Now we need to prove that

Vl<t11>t12 S SPLIT(Tl).VS - SPLIT(TQ).

(F U {(Tl, Tg)} F [tn]<:H1(filters(labell(SPLIT(Tg)))))\/

(F U {(Tl,TQ)} = [t12]< Hg(fllter (labell(SPLIT(Tg)))))

SPLIT(T2)\S

We start by assuming that [{t11)t12 € SPLIT(T}), and that S C SPLIT(T3).
Since R is a simulation, we get that

(3To1.[t11)RTo1 A Toy = {ta1 | U{ta1)taz € S}V

(3T22.[t12]RT22 /\T—22 = {tgg ‘ l<t21>t22 € SPLIT(TQ)\S}).

If the first possibility is fulfilled, then we choose a T, such that it is fulfilled.
Since Tyy = {to1 | I(ta1)tay € S} = IIy(filterg(1label)(SPLIT(T)))), the induction hypothe-
sis then yields that

TU{(Th,T2)} F [t11]<:T;(filterg(1label)(SPLIT(T3)))).

If the second possibility is fulfilled, then we choose a Ty such that it is fulfilled.
Since T22 = {t22 | l<t21>t22 S SPLIT(TQ)\S} = HQ(fllterSPLIT( )\S(labell(SPLIT(TQ)))),
The induction hypothesis then yields that

Iy {(Tl,TQ)} = [t12]< Hg(fllter labell(SPLIT(Tg)))).

SPLIT(T2)\S (

Since there are only those two possibilities, we can therefore conclude that
(TU{(T1,To)} F [t11]<:I (filters(label)(SPLIT(T,)))))V

(CU{(T1,To)} F [tig]<:Ia(filtery—mm

sriiri) s (1abeli (SPLIT(T2)))).

Since we have had no constraints on [{t11)t12 and S, we can conclude that
Vl(t11>t12 S SPLIT(Tl).VS - SPLIT(TQ).
(TU{(T1,To)} F [t11]<:I(filters(label;(SPLIT(T,)))))V

(T U{(T1, o)} F [tra]<: Iy (Filterg, o s (1abely(SPLIT(T3))))).

We can therefore use rule sub-diff to conclude that I' - T1<:T5. m
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Proof 19.35 (Size stratified soundness of axiomatization)
We will now prove Lemma 13.10 which states that

V1,17, ' T T <:Tpy =T E* Ti<:Ty
by rule induction.

Induction Hypothesis:
If the current rule has the requirement that I = T <:Ty then we can assume that I E* T| <:Ty.

Case: sub-hyp

Assume that I(T7,Ty) € F.T_l” =T A T_Q” =T.

We need to prove that I' E° T1<:T5.

By definition this means that we need to prove that

Vn € Ng. B, I' =F, T1<:Ts.

Assume that n € Ny, and then assume that E,, T'.
This means that V(17 ,T5) € T'. &, T{'<: Ty
Since (T{,Ty) € T we get that k=, T{'<: Ty and therefore
o T <: T
= IN[T{]n C IN[T3]n

(Lemma 4.9) = U inft] C U inft]

teTy’ " teTy .

= | Uil || € | U inl]

teTy n teTy n
(Lemma 4.9) = IN[Ti]|, C IN[T3]|,
= k,T1<:Ty

We have therefore proved the desired in this case.

Case: sub-diff
In this case the induction hypothesis yields that

Vl(t11>t12 S SPLIT(Tl), S C SPLIT(TQ).

(F U {Tl, TQ} = [tn]<:H1(filters(labell(SPLIT(TQ)))))\/
(F U {Tl, TQ} = [tlg]<:HQ(filterm\s(labell(SPLIT(Tg))))).

We need to prove that I' F° T1<:Ts.
By definition this mean that we need to prove that

Vn € Ng. E, I' =F,, T1<:T5.
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We will prove this by induction on n.

Start: k=10
The right side of the implication we wish to prove is Fo T1<: Ty and this means that IN[T1]|o C
IN[[TQ]] |0.

Since IN[Ti]|o = {} this is vacantly fulfilled.
We can therefore conclude that Eq T1<:T5.

Induction Hypothesis 2:
We can in the induction step assume that I' F,,_1 T1<:T5.

Step: n >0

In this case the induction hypothesis 2 yields that T' F,,_1 T} <:T5.

Assume =, T.

Hence F,,_1 T.

Since we have that I F,_1 T1<:To which means that F, 1 I' =F, 1 T1<:Ty we get that
':n—l Ti<:T5.

Therefore we have that E,_1 T'U{T1,T>}.

Now the first induction hypothesis yields that

Vl(t11>t12 € SPLIT(Tl), S C SPLIT(TQ).

(F U {Tl,TQ} = [tn]<:H1(filters(labell(SPLIT(Tg))) )\/

(F @] {Tl, Tg} E° [tlg] Hg(fllter

s s (1abeli(SPLIT(T2)))).

Since F,_1 T'U{T1,T?) this yields that

Vl(t11>t12 S SPLIT(Tl), S C SPLIT(TQ).

(':n—l [tll] <:II (filters(labell(SPLIT(TQ))) )\/

(Fn—1 [t12]< H2(f11terspLIT( T2)\S

Assume that <1>x1</1>x9 € IN[SPLIT(T})]|n-

This means that |<1>x1</1>x9| < n and therefore |x1| <n —1 and |xa| <n — 1.

Now Lemma 4.9 yields that 3l(t11)t12 € SPLIT(T) such that <1>x1</1>xo € in[l{t11)t12].
The definition of in[-] yields that x1 € in[t11] and zo € in[t12].

(1abel,(SPLIT(T}))))).

We now define
S = {l<t21>t22 S SPLIT(TQ) | X9 € in[[t21]]}.

Assume that 1 [t12]< H2(f11terSPLIT(T )\S(labell(SPLIT(Tg)))).

Since xo € in[tis] = IN[[t12]] and |z2| < n — 1 we get that
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x9 € IN[Ilg(filterg—mmy

SPLIT(T )\S(labell(SPLIT(Tg)))]] and therefore

Ty € IN[Hy(filtergrmy

(Lemma 4.9) = U inft]

t€lly (filterg ., s (1abel) (SPLIT(T2))))

77\ (1abe 11 (SPLIT(T,))))]

SPLT

= U in[{]

te{too|l(t21)t22 €SPLIT(T2)\S}

= U inft]

t€{tan|l(ta1 )tao €SPLIT(T2)\{I(th, )t'22€ SPLIT(T%)|za € in[th, ]}

= U inft]

tE{tQQ |l<t21 >t22 ESPLIT(TQ)/\.’EQ ¢in[t22]]}

This means that there must be a [(to1)taa € SPLIT(T,) where xo ¢ in[tys] such that
T9 € in[[tgg]].

This is a contradiction, so we can conclude that the assumption

Frn_1 [t12]< Hg(fllterSPLIT(T )\S(labell(SPLIT(Tg)))) is not true.

Since we have that

Vl<t11>t12 € SPLIT(Tl), S C SPLIT(TQ).
(Fn—1 [t11]<: 1 (filters(label)(SPLIT(TY)))))V
(Fn—1 [t12]< H2(f11terSPLIT(T )\S(labell(SPLIT(Tg)))))

we can conclude that
Fn_1 [tn]<:H1(filters(labell(SPLIT(TQ)))).

This means that x1 € in[ti2]|n—1 = IN[[t12]]|n—1 € IN[II;(filters(1label;(SPLIT(T%))))]|n-1
and since
IN[IT; (£ilters(label,(SPLIT(T}))))]
(Lemma 4.9) = U in[t]
teTl; (filters (label; (SPLIT(1%))))

= U inft]

te{t21|l(t21)t22 €SPLIT(T2)AxoE€in[ta2] }

there is a l(to1)teo € SPLIT(T») such that x; € in[te;] and xo € inftas].
This means that - x1 inhabits t9; and b xo9 inhabits too.
We can now make the following derivation

F x1 inhabits to
F <1>x1</1>c inhabits [(t21)
F <1>x1</1>x9 inhabits l<t21>t22

F x9 inhabits toy

in-tree

in-seq

and therefore <1>11</1>x9 € in[[l{ta1)tos].

Since IN[SPLIT(T3)] = Ul(tm)tzzem in[t] we have that <1>x1</1>x9 € IN[SPLIT(T3)],
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and since |<1>x1</1>x3| < n we have that <1>x1</1>xy € IN[SPLIT(T3)]|n.

We can therefore conclude that IN[SPLIT(11)]|, € IN[SPLIT(1%)]|n.

Now we are ready to conclude that

IN[T]|l, = {e]|e€ IN[T1]}n U{<1>x1</1>x9 | <1>w1</1>29 € IN[T1]}|n
= {e|e € IN[T1]} U{<1>x1</1>x9 | <1>w1</1>x9 € IN[SPLIT(T})]}|x
= {e | ESP(Ty) # {}} U {<1>x1</1>x9 | <1>x1</1>x9 € IN[SPLIT(T})]|n}
C {e| ESP(Ty) # {}} U {<1>w1</1>x9 | <1>x1</1>x5 € IN[SPLIT(T%)]|.}
{e | e € IN[TL]} U {<1>x1</1>x9 | <1>x1</1>x9 € IN[SPLIT(T3)]}|n
{e | e € IN[T]} U {<1>z1</1>x9 | <1>x1</1>x9 € IN[TS]}|n
IN[[T2]]|n

This means that E,, T1<:15, and we can therefore conclude that E,, I' =F, T1<:T5.

We have now proved both the induction start and step, and we can therefore conclude that
Vn € Ng. F, I' =F,, T1<:T,, and therefore

I'E T <:Ts.
We have now proved all the cases in the rule induction, and we can therefore conclude that

I'Ty<:T5 =T E* Ti<:T5.

Proof 19.36 (Trans does not increase the data-size)
We will now prove Lemma 14.1 which states that

¥(n, (d1)ds) € Trans,(t,d).|d1| < |d| A |ds| < |d]

by induction on the calltree of Trans,(t,d).

Induction Hypothesis:
If Transy (', d') is called by Trans,(t,d) and (n', (d})d;) € Trans, (t',d’) then we can assume
that |d}| < |d'| and |d| < |d'].

We will consider each case in Trans, individually.

Case: Trans,(l(t1),d) = {0,de}:

If (d1)dy € Trans,(t,d) then d = (d) and dy = e, and therefore
|d| =1+ |d1| > |d1| and

] =1+ |di| > 1 = |e] = |da].

Therefore the lemma is fulfilled in this case.

Case: Trans,(tita,dids):
There are two sub-cases.
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If Trans,(t, d) = {(1Sp11t,(t1)] + na,db) | (n3,d) € Trans(ts, ds)}

then we know that |dida| = 1+ |dyi| + |d2| > |da].

If (n',(dy)dy) € Trans,(tite, didz) then (n' — |Split,(t1)],(d})d5) € Transy(tz,ds).
Now the induction hypothesis yields that |ds| > |d}| and |da| > |d}|.

Therefore the lemma is fulfilled in this case.

If Trans,(t,d) = {(n,d};(d]yd2)) | (n,d},d},) € Trans,(t1,d1)}

and (0, (d})d5) € Trans,(t,d) thend}, = (d}) and dy = d},da, where (', d},d}5) € Trans,(t1,d,).
Now the induction hypothesis yields that |di| > |d};| and since

|d}1| =1+ |d}| we have that

|dida| = 1+ |di] + |da| > [di| > |dy].

The induction hypothesis also yields that |dy| > |d},|.

Therefore |d1d2| =1 + |d1| + |d2| >1 + |d/12| + |d2| = |dl2|

Therefore the lemma is fulfilled in this case.

Case: Trans,(t1 + ta,d10) = Trans,(t1,d1):
Since |dyo| = 1+ |di|, the induction hypothesis yields that the lemma is fulfilled in this case.

Case: Transy(ty + t2,0ds) = {(n + |Split,(t1)],d') | (n,d’) € Trans,(ts,d2)}:
Since |ody| = 1+ |da|, the induction hypothesis yields that the lemma is fulfilled in this case.

Case: Trans,(uX.t1,d) = Trans, x4 /x.p(t1, simplify, x , [¢}/X,d(t1[MX-t1/X el d)):
In this case

Transso(#X-tly d) = Transt.tl/X:up(tla SimplifyuX.tl[go],d(tl[MX'tl/X - 90]7 d))
since |simplify, x 4 1,),a(t1[uX t1/X 2 ], d)| < |d|, the induction hypothesis yields that the
lemma is fulfilled in this case.

Case: Transy(-,-) = {}:
In this case Trans,(t,d) = {}, so the lemma is vacantly fulfilled in this case.

This concludes all the cases, and therefore we can conclude that

¥(n, (d1)ds) € Trans,(t,d).|di| < |d| A |ds| < |d]

Proof 19.37 (Soundness of C[])
We will now prove Lemma 14.10 which states that

(V(T1,T3) € T.VD}.SIZE(D}) < SIZE(D1) = VD5 € cqr 1;(D1). TAG(T3, D5) = TAG(TY, D))
= VDy € C[[F = T1<.'T2]].TAG(T2, DQ) = TAG(Tl,Dl)

by transfinite induction on SIZE(Dy).
We will handle each case in C[-] separately.

Induction Hypothesis:
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If SIZE(D}) < SIZE(D;) and
V(T{,Ty) € I".VD{.S1ZE(DY) < SIZE(D}) = VDj € cpr 1y(DY).TAG(T3, Dy) = TAG(TY', DY)
then we can assume that VD) € C[I" + T{<:T3](D}).TAG(Ty, D)) = TAG(T}, D).

Case: sub-hyp

Since nthy (T7) = nthn, (T1) we have that TAG(T', (n1,d1)) = TAG(T], (n}, d1)).

The assumptions yields that (nj, ds) € oy 1;(n}, di1) = TAG(T3, (ny, d2)) = TAG(TY, (n},d1)).
Since nthn, (T3) = nthy, (T2) we have that TAG(T%, (n2,d2)) = TAG(T3, (n), d2)).

We therefore have that

Therefore the Lemma is fulfilled in this case.

Case: sub-diff
Since the result of C[I' - Ty <:Ty] starts with fix cr, 7, we know that any recursive call will
have Ty = C[[P H T1<.'T2]].

If TAG(Ty,D1) = T then {} is returned and therefore the lemma is vacantly fulfilled.

If TAG(Ty, D) = ¢ then ESP(T3) is returned and therefore Corollary 7.10 yields that YDy €
C[[F H T1<:T2]].TAG(T2, Dg) == TAG(Tl, Dl).
Therefore the lemma is fulfilled in this case.

We can therefore assume that TAG(Ty, D) ¢ {T,e}.

The induction hypothesis yields that if SIZE(D}) < SIZE(D;) then

VD5 € C[I' - Ty <:T»](D}).TAG(T», D) = TAG(Ty, DY).

Therefore the assumptions are fulfilled for T'U {(T1,T3)} for all D} where
SIZE(D)) < SIZE(D,).

Therefore the induction hypothesis yields that

V(n’z, dgl) € C[[F F [t11]7 Hl(labell(SPLIT(Tg)))]] (0, dq
TAG(IL, (1abel)(SPLIT(T3))), (nh, da1)) = TAG([t11],
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We therefore get that

TAG(Ty, Dy)
(Lemma 10.18) = TAG(SPLIT(T}), (n1,(d11)d12))
tag(l(t11)t12, (d11)di2)
let z1 = tag(ti1,di1), x2 = tag(tie,di2) in <1>x1</1>x9 end
let x1 = TAG([t11], (0,d11)), z2 = TAG([t12], (0,d12)) in <1>x1</1>x9 end
(2 x IH) = 1let x; = TAG(II;(1label)(SPLIT(T%))), (ny,ds1)),
Ty = TAG(IIy(1label)(SPLIT(TY)))), (nh,d2s)) in <1>r1</1>wy end
= let zy = TAG(II;(SPLIT(T})), (unlabel(nl,l, SPLIT(T%)), d21)),
19 = TAG(IIy(1label|(SPLIT(T%)))), (unlabel(nl, 1, SPLIT(Ts)), d22))
in <1>x1</1>x9 end
= TAG(SPLIT(T%),(unlabel(n,l, SPLIT(Ts)), (da1)d22))
(Lemma 10.21) = TAG(T», Ds)

Therefore the lemma is fulfilled in this case.

We have now proved the lemma in all the cases, and we can therefore conclude that
(V(T1,T3) € I".SIZE(Dy) < SIZE(D1) = Dj € cpr gy (D) = TAG(T3, Dy) = TAG(TY, D))

= Dy € C[[P F T1<.'T2]] = TAG(TQ,DQ) = TAG(Tl,Dl).

Proof 19.38 (Completeness of C[-])
We will now prove Lemma 14.12 which states that

vDy .(V(T],Ty) € T.VYD}.SIZE(D}) < SIZE(D:) = Vj.TAG(T}, D}) € in[nthj(T3)]

= {(ny,d3) € cry (DY) | ny = j} # {})
= V4.TAG(Ty, Dy) € IN[nthy(Ty)] = {(na,ds) € C[T' F T1<:To](D1) | ng = j} # {}

by transfinite induction on SIZE(D;).
We will consider each case in C[I' + T1<:T»] individually.

Induction Hypothesis:

If SIZE(D)) < SIZE(D;) and

V(T{,Ty) € T.VDY.SIZE(DY) < SIZE(D)) = Vj.TAG(T{', DY) € in[nth;(Ty)] = {(n5,d}) €
ey (DY) | nf = j} # )

then we can assume that ¥j.TAG(T], D}) € IN[nth;y(T>)] = {(nh,dy) € C[I' - T{<:T5](D}) |
ny =g} #{}

Case: sub-hyp

Let j be chosen such that TAG(Ty, D1) € in[nth;(Ts)]. Since Ty = T} there must be a n) such
that nthy (17) = nthy, (T1).
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Since nthy (T]) = nthn, (T1) we have that TAG(T', (n1,d1)) = TAG(T{, (n}, d1)).
Since Ty = Ty there must be a nly such that nthy, (15) = nth;(13).

This means that TAG(T7, D}) = TAG(T1, D) € in[nthi(T2)] = in[nthy, (T3)].
Therefore the assumptions yields that {(n3,ds) € oy 1y(nf,d1) [ ng = n5} # {}.
Since nthj(T2) = nthy, (T>) we have that {(n2,ds) € C[I' - Ty <: T3] [ no = j} # {}.
Therefore the Lemma is fulfilled in this case.

Case: sub-diff
Since the result of C[I' & T} <:T5] starts with fix cg, 7, we know that any recursive call will
have cp, 1, = C[I' - T <:T3].

If TAG(Ty, D1) = T then the lemma is trivially fulfilled in this case.

If TAG(Ty, D1) = € then Lemma 7.11 yields that
Vje € in[[nthj(Tg)]] = {(ng,dg) € ESP(T2) ‘ Ng = ]} #* {}
Since ESP(T») is returned, the lemma is fulfilled in this case.

We can therefore assume that TAG(T1,D1) ¢ {T,e}.

Therefore Lemma 10.19 yields that TRANS(Ty1, D) # {}.

Therefore there is a (n1,{d11)di2) € TRANS(T1, Do) and Lemma 10.18 yields that
TAG(SPLIT(Tl), (’I’Ll, <d11>d12)) = TAG(Tl, Dl)

Ifl<t11>t12 = nthy, (SPLIT(Tl)) then

TAG(SPLIT(T}), (n1, (d11)d12))
= let x1 = tag(ti1,di1), 2 = tag(tz,di2) in <1>x1</1>r9end
= let xy = TAG([t11], (0,d11)), 22 = TAG([t2], (0,d12)) in <1>x1</1>xz9end

Let j be chosen such that <1>x1</1>x5 € in[nth;(1)].
Corollary 10.23 yields that TAG(T1, D1) € IN[Split(nth;(T3))].
Given the form of SPLIT(T,) there must be a j' such that
<1>x1</1>xo € IN[nthy(labeli(Split(nth;(713))))].
We now select ny = j' + EZ;&|labell(Split(nthi(Tg)))|.
This means that <1>x1</1>ry € in[nthy,(SPLIT(T3))], and
S |Split(nth;(Ty))| < unlabel(ns,l, SPLIT(T})) < ¥I_,|Split(nthi(Ty))|.
The form of 1abelj(SPLIT(1»)) yields that

x1 € in[nthy, (II;(1abel|(SPLIT(T3))))] and

T9 € in[[nthm (Hg(labell(SPLIT(Tg))))]].

Since SIZE((0,dy1)) < SIZE(D;) and SIZE(0,dy2) < SIZE(D;) the induction hypothesis yields

that

VDiSIZE(Di) < SIZE((O,dll)) = Vj”.TAG(Tl, Di) € in[[nthju (Tg)]]{(né,dé) S C[[P H T1<.'T2]] (Dll) ‘
nh = j"} # {}, and therefore the induction hypothesis yields that there is at least one

(ng, d21) € C[[F U {(Tl, Tg)} = [tll]<:H1(labell(SPLIT(T2)))]] (0, dll); and one

(’IZQ, d22) c C[[F U {(Tl, Tg)} = [tlg]<:H2(labell(SPLIT(T2)))]] (0, d12).

Lemma 14.10 yields that
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TAG(II; (1abel;(SPLIT(T}))), (n2, da1)) = x1 and
TAG(HQ(labell(SPLIT(Tg))), (ng, dgg)) )

Because of the form of labell(SPLIT(Tg)) we get that
TAG(1labelj(SPLIT(Ty)), (ng, (de1)das)) = <1>x1</1>x9, and therefore
TAG(SPLIT(T%), (unlabel(ng,l,SPLIT(T5)), (d21)do2)) = <1>x1</1>x5.

Now Lemma 10.22 yields that {(n},ds) € TRANSINV(T, (ng, (d21)da2)) | nh =4} # {}.

Therefore the lemma is fulfilled in this case.

We have now proved all the cases, and we can therefore conclude that

vDy .(V(T},T3) € T.VD}.SIZE(D}) < SIZE(D:) = Vj.TAG(T{, D}) € in[nth;(T3)]

= {(ny, dj) € cqyy(D) | ny = j} # {})

= Vj.TAG(Tl,Dl) € IN[[nthj(Tg)]] = {(ng,dg) € C[[F H T1<.‘T2]](D1) ‘ nog = j} #* {}

19.2 Program Code

load "Int";
(* The signature of a set *)
signature SetSig =
sig
type element
type set
val empty : set
val member : element -> set -> bool
val subset : set -> set -> bool
val equal : set * set -> bool
val insert : element * set -> set
val singleton: element -> set
val remove: element -> set -> set
val cut : set -> set -> set
val union : set -> set -> set
val powerset : set -> set list
val toList : set -> element list

val fromList : element list -> set
val toString : set -> string
end

(* A functor for setstructure generation *)
signature EQ =
sig
type element
val eq : element * element -> bool
val elmToString : element -> string
end
functor SetFct(s : EQ) :> SetSig where type element = s.element =
struct
type element = s.element
type set = element list
val empty = []
fun member a = List.exists (fn y => s.eq(a,y))
fun subset xs ys = List.all (fn x => member x ys) xs
fun equal (s1,s2) = subset sl s2 andalso subset s2 si
fun insert (a,sl) = if member a si
then si
else a::sl

141



19.2 Program Code 19

APPENDIX

fun singleton a = insert(a,empty)

fun remove a = List.filter (fn b => not (s.eq(a,b)))

val cut = foldl (fn (a,b) => remove a b)

val union = foldl insert

fun powerset [] = [[]]

powerset (x::xs) =

let val yss = powerset xs

in [x] :: yss @ (map (fn ys => insert (x, ys)) yss)

end

val fromList = foldl insert empty

fun tolist sl = si

fun toString xs = "{ "
" (foldl (fn (x,b) => s.elmToString x ~ ", " ~ b) "" xs)
~n }u

end
(* Defining sets of integers *)
structure EqInt : EQ =
struct

type element = int

val eq = op =

val elmToString = Int.toString
end
structure SetInt = SetFct(EqInt)
(* Defining xml-types *)
datatype xmltype = XMLO

| XML1

| XMLTree of string * xmltype
| XMLSeq of xmltype * xmltype
| XMLSum of xmltype * xmltype
| XMLMu of int * xmltype
| XMLVar of int

(* Pretty printing of xml-types *)
fun xmltypeToString XMLO = "O"

| xmltypeToString XML1 = "1"

| xmltypeToString (XMLTree (1,t1))

1
-~ "<||
~ (xmltypeToString t1)
-~ ">||
n ("
(xmltypeToString a)
(xmltypeToString b)
-~ Il) n
| xmltypeToString (XMLSum (a,b)) = "("
" (zxmltypeToString a)
~n + n
(xmltypeToString b)
-~ ") n
n ("
IIMU n
~ "x_{" ~ (Int.toString x) ~ "}"

| xmltypeToString (XMLSeq (a,b))

| xmltypeToString (XMLMu (x,a))

(xmltypeToString a)
-~ Il)ll
| xmltypeToString (XMLVar x) = "x_{" -~ (Int.toString x) ~ "}"

fun newvar xs = (foldl Int.max O xs)+1
(* Define free variables *)
fun fv XMLO = SetInt.empty
| fv XML1 = SetInt.empty
| fv (XMLVar x) = SetInt.singleton x
| fv (XMLTree (1,t1)) = fv(t1)
| fv (XMLSeq (t1,t2)) = SetInt.union (fv t1) (fv t2)
| fv (XMLSum (t1,t2)) = SetInt.union (fv t1) (fv t2)
| fv (XMLMu (x,t1)) = SetInt.remove x (fv t1)
(* Define capture avoiding substitution for xml-types *)
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fun subst XMLO _ =
| subst XML1 _ =

XMLO
XML1

| subst (XMLVar y) (t’,x) =

if x =y

then t’

else XMLVar y
subst (XMLTree

in let val t1’

subst (XMLSeq (t1,t2)) S
subst (XMLSum (t1,t2)) S =
subst (XMLMu (y,t1)) (t’,x) =
let val z = newvar(x::(SetInt.toList(SetInt.union (fv t’) (fv(XMLMu (y,t1))))))

XMLTree (1,subst t1 S)

(1,t1)) s

= subst t1 (XMLVar z,y)

in let val t1’’ = subst t1’ (t’,x)

in XMLMu
end
end

(z,t1’’) end

(* Execute a sequence of substitutions *)
val SUBST = foldl (fn (S,t) => subst t S)

fun equiv (XMLO, XMLO)

true

equiv (XML1, XML1) = true

|
| equiv ((XMLTree (11,t1)), (XMLTree (12,t2))) = 11 =
|

equiv ((XMLSeq

(t11,t12)), (XMLSeq (t21,t22)))

(equiv (t11, t21)) andalso (equiv (t12, t22))

| equiv ((XMLSum

(t11,t12)), (XMLSum (t21,t22)))

(equiv (t11, t21)) andalso (equiv (t12, t22))
| equiv ((XMLMu (x,t1)), (XMLMu (y,t2))) =

let val z = newvar (SetInt.toList(SetInt.union (fv t1) (fv t2)))
in equiv (subst t1 (XMLVar z,x), subst t2 (XMLVar z,y))

end

| equiv (XMLVar x, XMLVar y) = x =y

| equiv (_, _) =

false

(* Defining sets of xml-types *)
structure EqXmltype : EQ =

struct

type element = xmltype

val eq = equiv

val elmToString = xmltypeToString

end

structure SetXmltype = SetFct(EqXmltype)

(* Defining environments as a sets of pairs of liss of xml-types *)

structure EqEnv : EQ =

struct

type element = xmltype list * xmltype list
fun eq ((A,A’),(B,B’)) = SetXmltype.equal (SetXmltype.fromList A ,SetXmltype.fromList B ) andalso
SetXmltype.equal (SetXmltype.fromList A’,SetXmltype.fromList B’)

fun elmToString (A,B) = "("

end

)

(SetXmltype.toString (SetXmltype.fromList B))

s oy

(* Set structure for environments, ie.
set structure for pairs of lists of xml-types *)

structure SetEnv =

SetFct (EQEnv)

(* Defining xml-data *)

datatype xmldata

(* Pretty printing

DVoid

DTree of xmldata

DSeq of xmldata * xmldata
DSuml of xmldata

DSum2 of xmldata

of xml-data *)

143

XMLSeq (subst tl1 S,subst t2 S)
XMLSum (subst tl1 S,subst t2 S)

12 andalso (equiv (t1, t2))

(SetXmltype.toString (SetXmltype.fromList A))
n



19.2 Program Code 19 APPENDIX

fun xmldataToString DVoid = "x*"
xmldataToString (DTree d) = "<" ~ (xmldataToString d4) ~ ">"

|

| xmldataToString (DSeq (d1,d2)) = "(" ~ (xmldataToString d1) ~ ")(" ~ (xmldataToString d42) ~ ")"
| xmldataToString (DSuml d1) = "(" ~ (xmldataToString d1) ~ "-)"

| xmldataToString (DSum2 d2) = "(-" ~ (xmldataToString d2) ~ ")"

(* Defining sets of xml-data *)
structure EqData : EQ =

struct

type element = xmldata

val eq = op =

val elmToString = xmldataToString
end

structure SetData = SetFct(EgData)
fun allpairs dsi ds2 = foldl (fn (d1,ds) => (map (fn d2 => DSeq (d1,d2)) ds2) @ ds) [] dsi

(* The Empty Word Property *)
fun esp XMLO = SetData.empty
| esp XML1 = SetData.singleton DVoid
| esp (XMLTree (1,t1)) = SetData.empty
| esp (XMLSeq (t1,t2)) =
SetData.fromList (allpairs (SetData.toList (esp t1)) (SetData.toList (esp t2)))
| esp (XMLSum (t1,t2)) =
let val dsl = esp til
in if SetData.subset dsl SetData.empty
then SetData.fromList (map (fn d => DSum2 d) (SetData.toList (esp t2)))
else SetData.fromList (map (fn d => DSuml d) (SetData.toList dsl))
end
(* SetData.union (SetData.fromList (map (fn d => DSuml d) (SetData.tolList (esp t1))))
(SetData.fromList (map (fn d => DSum2 d) (SetData.tolList (esp t2)))) *)
| esp (XMLMu (X,t1)) = esp ti
| esp (XMLVar X) = SetData.empty

(* Defining sets of xml-Datas *)
structure EqDATA : EQ =

struct

type element = int * xmldata

val eq = op =

val elmToString = (fn (n,d) => "(" ~ (Int.toString n) ~ "," ~ (xmldataToString d4) ~ ")")
end

structure SetDATA = SetFct(EqDATA)

fun ESP [] = SetDATA.empty
| ESP (t1::T1) = SetDATA.fromList ((map (fn d => (0,d)) (SetData.tolList (esp t1)))
@ (map (fn (n,d) => (n+1,d)) (SetDATA.tolList (ESP T1))))

fun ziptype t2 [1 = []
| ziptype t2 ((XMLSeq (XMLTree (1,t11),t12))::T1) =
(XMLSeq (XMLTree (1,t11), (XMLSeq (t12,t2)))) :: (ziptype t2 T1)
| ziptype _ _ =
raise Fail "ziptype: List of xml-types not wellformed"
(* Define type splitting *)
fun Split’ phi XMLO = []
| Split’ phi XML1 = []
| Split’ phi (XMLVar x) = []
| Split’ phi (XMLTree (1,t1))
| Split’ phi (XMLSeq (t1,t2))
if not (SetData.subset (esp tl) SetData.empty)
then (ziptype (SUBST t2 phi) (Split’ phi t1)) @ (Split’ phi t2)
else (ziptype (SUBST t2 phi) (Split’ phi t1))
| Split’ phi (XMLSum (t1,t2)) = (Split’ phi t1) @ (Split’ phi t2)
| Split’ phi (XMLMu (x,t1)) = Split’ ((XMLMu (x,t1),x) :: phi) t1
val Split = Split’ []
val SPLIT = fn T => List.concat (map Split T)

[XMLSeq (XMLTree (1,SUBST t1 phi),XML1)]
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(* Define projections *)
fun PROJO [] = []
| PROJO ((XMLSeq (XMLTree (1,t1),t2))::T1) = 1::PR0OJO T1
| PROJO _ = raise Fail "PROJO: List is not wellformed"
fun PROJ1 [] = []
| PROJ1 ((XMLSeq (XMLTree (1,t1),t2))::T1) = t1::PROJ1 T1
| PROJ1 _ = raise Fail "PROJ1: List is not wellformed"
fun PROJ2 [] = []
| PROJ2 ((XMLSeq (XMLTree (1,t1),t2))::T1) = t2::PR0OJ2 T1
| PROJ2 _ = raise Fail "PR0OJ2: List is not wellformed"
(* Define filter functions *)
fun filter § = List.filter (fn t => SetXmltype.member t S)
fun label 1 [1 = []
| label 1 ((XMLSeq (XMLTree (1’,t1),t2))::T1) =
if 1 =1
then (XMLSeq (XMLTree (1’,t1),t2))::(label 1 T1)
else label 1 T1
| label 1 _ = raise Fail "lfilter: List is not wellformed"
(* The algorithm *)
exception NotEq of string
datatype proof = SubHyp | SubDiff of (SetEnv.set * xmltype list * xmltype list * proof) list
fun XmlSub G T1 T2 =
if SetEnv.member (T1,T2) G
then SubHyp
else if not (SetDATA.subset (ESP T1) SetDATA.empty) andalso
(SetDATA.subset (ESP T2) SetDATA.empty)
then raise NotEq "."
else let val G’ = SetEnv.insert ((T1,T2), G)
val ST1 = SPLIT(T1)
val ST2 SPLIT(T2)

in
let val Ss = SetXmltype.powerset (SetXmltype.fromList ST2)
in SubDiff (ProofListList G’ ST1 ST2 Ss)
end
end
and ProofListList G [] ST2 Ss = []
| ProofListList G (st1::ST1) ST2 Ss = (ProoflList G stl ST2 Ss) @ (ProofListList G ST1 ST2 Ss)
and ProofList G st1 ST2 [] = []
| ProofList G stl ST2 (S::Ss) = (Proof G stl ST2 S) :: (ProofList G stl ST2 Ss)
and Proof G (XMLSeq (XMLTree (1,t11),t12)) ST2 S =
((G,[t11],PROJ1(filter S (label 1 ST2)),
XmlSub G [t11] (PROJ1 (filter S (label 1 ST2)))) handle NotEq x1 =>
(G, [t12] ,PROJ2(filter (SetXmltype.union (SetXmltype.fromList ST2) S) (label 1 ST2)),
XmlSub G [t12] (PR0OJ2 (filter (SetXmltype.cut (SetXmltype.fromList ST2) S) (label 1 ST2)))) handle NotEq x2 =>
raise NotEq ("<"~1°">" ~ x1 =~ "</" ~ 1 ~ ">" " x2))
| Proof G stl ST2 S = raise Fail "Proof: stl is not wellformed"

datatype xmlsequence = XVoid
| XTree of string * xmlsequence * xmlsequence

fun Xappend XVoid x2 = x2
| Xappend (XTree (1,x11,x12)) x2 = XTree (1,x11,Xappend x12 x2)

(* Define Tag *)
fun Tag XML1 DVoid = XVoid
| Tag (XMLTree (1,t1)) (DTree d1) = XTree (1,Tag tl1 d1,XVoid)
| Tag (XMLSeq (t1,t2)) (DSeq (d1,d2)) = Xappend (Tag t1 di1) (Tag t2 d2)
| Tag (XMLSum (t1,t2)) (DSumil d1) = Tag t1 di
| Tag (XMLSum (t1,t2)) (DSum2 d2) = Tag t2 d2
| Tag (XMLMu (n,t1)) d = Tag (subst t1 (XMLMu (n,t1),n)) d
| Tag _ _ = raise Fail "Tag: Data doesn’t match type"
fun TAG [] D = raise Fail "TAG: Index out of bounds"
| TAG (t1::T1) (0,d) = Tag t1 d
| TAG (t1::T1) (n,d) = TAG T1 (n-1,d)
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fun

fun

fun

fun

fun

fun

fun

simplify t’> 4’ (XMLSeq (t1,t2)) (DSeq (d1,d2)) =

if Tag t1 d1 = XVoid

then simplify t’ d’ t2 42

else d’

simplify t’ d’ (XMLSum (t1,t2)) (DSuml d1) = simplify t’ d’ t1 di
simplify t’> 4’ (XMLSum (t1,t2)) (DSum2 d2) = simplify t’ d’ t2 d2
simplify t’ 4’ (XMLMu (n,t1)) d =

if equiv ((XMLMu (n,t1)), t’)

then simplify (XMLMu (n,t1)) d (subst t1 (XMLMu (n,t1),n)) d

else simplify t’ 4’ (subst t1 (XMLMu (m,t1),n)) d

simplify t’ 4’ _ _ = &’

Trans phi (XMLTree (1,t)) d = SetDATA.singleton (0,DSeq (d,DVoid))
Trans phi (XMLSeq (t1,t2)) (DSeq (d1,d2)) =
if Tag t1 d1 = XVoid handle Fail s => false
then SetDATA.fromList (map (fn (n,d) => (n + (length (Split’ phi t1)),d)) (SetDATA.tolList (Tramns phi t2 d2)))
else SetDATA.fromList (map (fn (n,(DSeq (d11,d12))) => (n,DSeq (d11,DSeq (d12,d2)))
| _ => raise Fail "Trans: Result was not wellformed")

(SetDATA.toList (Trans phi t1 di1)))
Trans phi (XMLSum (t1,t2)) (DSumil d1) = Trans phi t1 di
Trans phi (XMLSum (t1,t2)) (DSum2 d2) =
SetDATA.fromList (map (fn (n,d) => (n + (length (Split’ phi t1)),d)) (SetDATA.toList (Trans phi t2 d2)))
Trans phi (XMLMu (n,t1)) d = Trans ((XMLMu (m,t1),n)::phi) t1

(simplify (XMLMu (n,t1)) d (SUBST t1 ((XMLMu (n,t1),n)::phi)) d)

Trans phi _ _ = SetDATA.empty

TRANS [] D = SetDATA.empty

TRANS (t1::T1) (0,d) = Trans [] t1 d

TRANS (t1::T1) (n,d) = SetDATA.fromList (map (fn (n’,d’) => (n’ + (length (Split t1)),d’))
(SetDATA.toList (TRANS T1 (n-1,d))))

TransInv phi (XMLTree (1,t)) (0,DSeq (d,DVoid)) = SetData.singleton d
TransInv phi (XMLSeq (t1,t2)) (n,d) =
if n < (length (Split’ phi t1))
then case d of (DSeq (d11,DSeq (d12,d2))) =>
SetData.fromList (allpairs (SetData.tolList (TransInv phi t1 (n,DSeq(d11,d12)))) [d2])
| _ => SetData.empty
else SetData.fromList (allpairs (SetData.tolList (esp t1))
(SetData.toList (TransInv phi t2 (n - (length (Split’ phi t1)),d))))
TransInv phi (XMLSum (t1,t2)) (n,d) =
if n < (length (Split’ phi t1))
then SetData.fromList (map (fn d => DSuml d)
(SetData.toList (TransInv phi t1 (n,d))))
else SetData.fromList (map (fn d => DSum2 d)
(SetData.toList (TransInv phi t2 (n - (length (Split’ phi t1)),d))))
TransInv phi (XMLMu (n,t1)) D = TransInv ((XMLMu (n,t1),n)::phi) t1 D
TransInv phi _ _ = SetData.empty
TRANSINV [] _ = SetDATA.empty
TRANSINV (t1::T1) (n,d) =
if n < length (Split t1)
then SetDATA.fromList (map (fn d’ => (0,d’)) (SetData.tolList (TransInv [] t1 (n,d))))
else SetDATA.fromList (map (fn (n’,d’) => (n’+1,d’))
(SetDATA.toList (TRANSINV T1 (n - (length (Split t1)),d))))

lookup t [] = raise Fail "lookup: Element not in list"
lookup t (t1::T1) =

if equiv (t,t1)

then 0

else 1 + (lookup t T1)

nth n [] = raise Fail "nth: index out of bounds"

nth 0 (x::x8) = x
nth n (x::xs) = nth (n-1) xs
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fun

fun

fun

fit

if ni

unlabel
unlabel
if 1=1°
then 0O
else if

n 1l [] = raise Fail "unlabel: Index has no match"
nl ((XMLSeq (XMLTree (1°,t1),t2)) :: T1) =
andalso n=0

1=1
then (unlabel (n-1) 1 T1) + 1

else (unlabel n 1 T1) + 1

_mo-=
fit (n1,d1) ((n2,d2)::Ds2) =

= n2

unlabel n 1 (t1::T1) = (unlabel n 1 T1) + 1

[

then (n1,DSeq (DTree d1,d2)) :: (fit (nl,d1) Ds2)
else fit (nl1,d1) Ds2

fitall []
fitall (D1::Ds1) Ds2 = (fit D1 Ds2) @ (fitall Dsl1 Ds2)

=10

(* The conversions *)
fun Cgen T1 T2 D1 = if TAG T1 D1 = XVoid

then ESP T2
else let val ST1 = SPLIT T1
val ST2 = SPLIT T2

val DS1 = SetDATA.toList (TRANS T1 D1)
in
case DS1
of ((n1’,DSeq (DTree d11,d12))::_) =>
let val (XMLSeq (XMLTree (1,t11),t12)) = nth nl1’ ST1
in
let val D21 = Cgen [t11] (PROJ1 (label 1 ST2)) (0,d11)
val D22 = Cgen [t12] (PR0OJ2 (label 1 ST2)) (0,d12)

in
SetDATA.fromList
(List.concat
(map
(fn (n2’,d2’) => SetDATA.toList (TRANSINV T2 (unlabel n2’ 1 ST2,d2’)))
(fitall (SetDATA.toList D21) (SetDATA.toList D22))))
end
end
| _ => SetDATA.empty
end
handle Fail s => SetDATA.empty

(* Defining constructors and equality-operator *)
infix 6 ++
fun T1 ++ T2 =
infix 7 °°

fun T1 °~ T2

infix 4 <:
fun t1 <: t2 =

XMLSum (T1, T2)
XMLSeq (T1, T2)

let
val x = XmlSub SetEnv.empty [t1] [t2]
in
true
end
handle NotEq w => false

(* Defining the xml-types*)

t_gender = XMLTree ("gender",XMLTree ("male",XML1) ++ XMLTree ("female",XML1))
t_count = XMLMu (O,XML1 ++ XMLSeq (XMLTree ("s",XML1),XMLVar 0))

t_age = XMLTree ("age",t_count)

t_info = XMLSeq(t_gender,t_age)

XMLMu (O,XML1 ++ XMLTree ("1",XMLVar 0) "~ XMLVar O)

XMLMu (0,XML1 ++ XMLTree ("1",XML1) -~ XMLVar 0)

XMLMu (O,XML1 ++ XMLTree ("1",XMLVar 0))

val
val
val
val
val
val
val
val
val

t1
t2
t3
d2
d3

DSum?2
DSum?2

(DSeq(DTree (DVoid), DSum2 (DSeq(DTree (DVoid), DSuml DVoid))))
(DTree (DSum2 (DTree (DSuml DVoid))))
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(x Test execution *)
(*x Proof search test *)

val test0 = (t1 <: tl1) = true

val testl = (t2 <: t2) = true

val test2 = (t3 <: t3) = true

val test3 = (t2 <: tl1l) = true

val testd4 = (t3 <: tl1l) = true

val testb = (t1 <: t2) = false (* error
val test6 = (t1 <: t3) = false (* error
(x TAG *)

val test7 = (TAG [t3] (0,d3)) =

val test8 = (TAG [t2] (0,d2)) =

(* Conversion of xml-data *)

"<1><1>.</1>.</1>."
"<1>.</1><1>.</1>."

*)
*)

val test9 = length (SetDATA.tolList (Cgen [t3] [t1] (0,d3))) =1

val testl0

val testll = length (SetDATA.toList (Cgen [t2] [t1] (0,d2)))

val testl2

;quit O ;

19.3 Output

(TAG [t1] (nth O (SetDATA.tolList (Cgen [t3] [t1] (0,d3)))))

1

(TAG [t1] (nth O (SetDATA.tolList (Cgen [t2] [t1] (0,d2)))))

(XTree ("1",XTree ("1",XVoid,XVoid),XVoid))
(XTree ("1",XVoid,XTree ("1",XVoid,XVoid)))

(XTree ("1", XTree ("1",XVoid,XVoid),XVoid))

(XTree ("1",XVoid,XTree ("1",XVoid,XVoid)))

This is the output from interpreting the code from Appendix 19.2 with [MOSML].

Moscow ML version 2.01 (January 2004)
Enter ‘quit();’ to quit.

[opening file "xmlsubtyping.sml"]

> val it = () : unit

File "xmlsubtyping.sml", line 397, characters 40-70:

! let val (XMLSeq (XMLTree (1,t11),t12))

! Warning: pattern matching is not exhaustive

nth nl’

ST1

> New type names: set, =xmltype, set/1, set/2, =xmldata, set/3, set/4, proof,

=xmlsequence
infix 6 ++
infix 7 °°
infix 4 <:
structure Eqlnt
{type element = int,
val elmToString : int -> string,
val eq : int * int -> bool}
structure SetInt
{type element =
type set = set,
val cut : set -> set -> set,
val empty : set,
val equal : set * set -> bool,
val fromList int list -> set,
val int * set -> set,
val member : int -> set -> bool,
val powerset : set -> set list,

int,

insert

val remove int -> set -> set,
val singleton : int -> set,

val subset set -> set -> bool,
val tolList set -> int list,
val toString : set -> string,
val union : set -> set -> set}

structure EqXmltype
{type element = xmltype,
val elmToString :
val eq : xmltype * xmltype -> bool}
structure SetXmltype

{type element = xmltype,

xmltype -> string,
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type set = set/1,
val cut : set/1 -> set/1 -> set/1,
val empty : set/1,
val equal : set/1 * set/1 -> bool,
val fromList : xmltype list -> set/1,
val insert : xmltype * set/1 -> set/1,
val member : xmltype -> set/1 -> bool,
val powerset : set/1 -> set/1 list,
val remove : xmltype -> set/1 -> set/1,
val singleton : xmltype -> set/1,
val subset : set/1 -> set/1 -> bool,
val tolList : set/1 -> xmltype list,
val toString : set/1 -> string,
val union : set/1 -> set/1 -> set/1}
structure EqEnv :
{type element = xmltype list * xmltype list,
val elmToString : xmltype list * xmltype list -> string,
val eq :
(xmltype list * xmltype list) * (xmltype list * xmltype list) -> bool}
structure SetEnv :
{type element = xmltype list * xmltype list,
type set = set/2,
val cut : set/2 -> set/2 -> set/2,
val empty : set/2,
val equal : set/2 * set/2 -> bool,
val fromList : (xmltype list * xmltype list) list -> set/2,
val insert : (xmltype list * xmltype list) * set/2 -> set/2,
val member : xmltype list * xmltype list -> set/2 -> bool,
val powerset : set/2 -> set/2 list,
val remove : xmltype list * xmltype list -> set/2 -> set/2,
val singleton : xmltype list * xmltype list -> set/2,
val subset : set/2 -> set/2 -> bool,
val tolist : set/2 -> (xmltype list * xmltype list) list,
val toString : set/2 -> string,
val union : set/2 -> set/2 -> set/2}
structure EqData :
{type element = xmldata,
val elmToString : xmldata -> string,
val eq : xmldata * xmldata -> bool}
structure SetData :
{type element = xmldata,
type set = set/3,
val cut : set/3 -> set/3 -> set/3,
val empty : set/3,
val equal : set/3 * set/3 -> bool,
val fromList : xmldata list -> set/3,
val insert : xmldata * set/3 -> set/3,
val member : xmldata -> set/3 -> bool,
val powerset : set/3 -> set/3 list,
val remove : xmldata -> set/3 -> set/3,
val singleton : xmldata -> set/3,
val subset : set/3 -> set/3 -> bool,
val tolList : set/3 -> xmldata list,
val toString : set/3 -> string,
val union : set/3 -> set/3 -> set/3}
structure EqDATA :
{type element = int * xmldata,
val elmToString : int * xmldata -> string,
val eq : (int * xmldata) * (int * xmldata) -> bool}
structure SetDATA :
{type element = int * xmldata,
type set = set/4,
val cut : set/4 -> set/4 -> set/4,
val empty : set/4,
val equal : set/4 * set/4 -> bool,
val fromList : (int * xmldata) list -> set/4,
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val
val
val
val
val
val
val
val
val

insert : (int * xmldata) * set/4 -> set/4,
member : int * xmldata -> set/4 -> bool,
powerset : set/4 -> set/4 list,

remove : int * xmldata -> set/4 -> set/4,
singleton : int * xmldata -> set/4,

subset : set/4 -> set/4 -> bool,

toList : set/4 -> (int * xmldata) 1list,
toString : set/4 -> string,

union : set/4 -> set/4 -> set/4}

functor SetFct

'element.

{type element = element,
val eq : element * element -> bool,
val elmToString : element -> string}->

7set/5.

{type element = element,
type set = set/5,
val cut : set/5 -> set/5 -> set/5,
val empty : set/5,
val equal : set/5 * set/5 -> bool,
val fromList : element list -> set/5,
val insert : element * set/5 -> set/5,
val member : element -> set/5 -> bool,
val powerset : set/5 -> set/5 list,
val remove : element -> set/5 -> set/5,
val singleton : element -> set/5,
val subset : set/5 -> set/5 -> bool,
val tolList : set/5 -> element list,
val toString : set/5 -> string,
val union : set/5 -> set/5 -> set/5}

signature SetSig =
/\element set/5.
{type element = element,
type set = set/5,
val empty : set/5,
val member : element -> set/5 -> bool,
val subset : set/5 -> set/5 -> bool,
val equal : set/5 * set/5 -> bool,
val insert : element * set/5 -> set/5,
val singleton : element -> set/5,
val remove : element -> set/5 -> set/5,
val cut : set/5 -> set/5 -> set/5,
val union : set/5 -> set/5 -> set/5,
val powerset : set/5 -> set/5 list,
val toList : set/5 -> element list,
val fromList : element list -> set/5,
val toString : set/5 -> string}
signature EQ =
/\element.
{type element = element,
val eq : element * element -> bool,
val elmToString : element -> string}
datatype xmltype =
(xmltype,
{con XMLO : xmltype,
con XML1 : xmltype,
con XMLMu : int * xmltype -> xmltype,
con XMLSeq : xmltype * xmltype -> xmltype,
con XMLSum : xmltype * xmltype -> xmltype,
con XMLTree : string * xmltype -> xmltype,
con XMLVar : int -> xmltypel})
datatype xmldata =
(xmldata,
{con DSeq : xmldata * xmldata -> xmldata,
con DSuml : xmldata -> xmldata,
con DSum2 : xmldata -> xmldata,

150



19.3 Output 19 APPENDIX

con DTree : xmldata -> xmldata,
con DVoid : xmldatal})

datatype proof =

(proof,

{con SubDiff : (set/2 * xmltype list * xmltype list * proof) list -> proof,
con SubHyp : proofl})

datatype xmlsequence =

(xmlsequence,

{con XTree : string * xmlsequence * xmlsequence -> xmlsequence,
con XVoid : xmlsequencel})

con XMLO = XMLO : xmltype

con XML1 = XML1 : xmltype

con XMLMu = fn : int * xmltype -> xmltype

con XMLSeq = fn : xmltype * xmltype -> xmltype

con XMLSum = fn : xmltype * xmltype -> xmltype

con XMLTree = fn : string * xmltype -> xmltype

con XMLVar = fn : int -> xmltype

val xmltypeToString = fn : xmltype -> string

val newvar = fn : int list -> int

val fv = fn : xmltype -> set

val subst = fn : xmltype -> xmltype * int -> xmltype

val SUBST = fn : xmltype -> (xmltype * int) list -> xmltype

val equiv = fn : xmltype * xmltype -> bool

con DSeq = fn : xmldata * xmldata -> xmldata

con DSuml = fn : xmldata -> xmldata

con DSum2 = fn : xmldata -> xmldata

con DTree = fn : xmldata -> xmldata

con DVoid = DVoid : xmldata

val xmldataToString = fn : xmldata -> string

val allpairs = fn : xmldata list -> xmldata list -> xmldata list

val esp = fn : xmltype -> set/3

val ESP = fn : xmltype list -> set/4

val ziptype = fn : xmltype -> xmltype list -> xmltype list

val Split’ = fn : (xmltype * int) list -> xmltype -> xmltype list

val Split = fn : xmltype -> xmltype list

val SPLIT = fn : xmltype list -> xmltype list

val PROJO = fn : xmltype list -> string list

val PROJ1 = fn : xmltype list -> xmltype list

val PROJ2 = fn : xmltype list -> xmltype list

val filter = fn : set/1 -> xmltype list -> xmltype list

val label = fn : string -> xmltype list -> xmltype list

exn NotEq = fn : string -> exn

con SubDiff = fn :

(set/2 * xmltype list * xmltype list * proof) list -> proof

con SubHyp = SubHyp : proof

val XmlSub = fn : set/2 -> xmltype list -> xmltype list -> proof

val ProoflListList = fn :

set/2 -> xmltype list -> xmltype list -> set/1 list ->

(set/2 * xmltype list * xmltype list * proof) list

val Prooflist = fn :

set/2 -> xmltype -> xmltype list -> set/1 list ->

(set/2 * xmltype list * xmltype list * proof) list

val Proof = fn :

set/2 -> xmltype -> xmltype list -> set/1 ->

set/2 * xmltype list * xmltype list * proof

con XTree = fn : string * xmlsequence * xmlsequence -> xmlsequence

con XVoid = XVoid : xmlsequence

val Xappend = fn : xmlsequence -> xmlsequence -> xmlsequence

val Tag = fn : xmltype -> xmldata -> xmlsequence

val TAG = fn : xmltype list -> int * xmldata -> xmlsequence

val simplify = fn : xmltype -> xmldata -> xmltype -> xmldata -> xmldata

val Trans = fn : (xmltype * int) list -> xmltype -> xmldata -> set/4

val TRANS = fn : xmltype list -> int * xmldata -> set/4

val TransInv = fn : (xmltype * int) list -> xmltype -> int * xmldata -> set/3

val TRANSINV = fn : xmltype list -> int * xmldata -> set/4

val lookup = fn : xmltype -> xmltype list -> int
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val ’a nth = fn : int -> ’a list -> ’a
val unlabel = fn : int -> string -> xmltype list -> int
val ’’a fit = fn :
’’a * xmldata -> (’’a * xmldata) list -> (’’a * xmldata) list
val ’’a fitall = fn :
(’’a * xmldata) list -> (’’a * xmldata) list -> (’’a * xmldata) list
val Cgen = fn : xmltype list -> xmltype list -> int * xmldata -> set/4
val ++ = fn : xmltype * xmltype -> xmltype
val °7 = fn : xmltype * xmltype -> xmltype
val <: = fn : xmltype * xmltype -> bool
val t_gender =

XMLTree("gender", XMLSum(XMLTree("male", XML1), XMLTree("female", XML1)))
xmltype
val t_count = XMLMu(O, XMLSum(XML1, XMLSeq(XMLTree("s", XML1), XMLVar 0)))
xmltype
val t_age =

XMLTree("age",

XMLMu (O, XMLSum(XML1, XMLSeq(XMLTree("s", XML1), XMLVar 0))))

xmltype
val t_info =

XMLSeq(XMLTree ("gender",

XMLSum(XMLTree("male", XML1), XMLTree("female", XML1))),
XMLTree("age",
XMLMu (O,
XMLSum(XML1, XMLSeq(XMLTree("s", XML1), XMLVar 0)))))

: xmltype
val t1 = XMLMu(O, XMLSum(XML1, XMLSeq(XMLTree("1", XMLVar 0), XMLVar 0)))
xmltype
val t2 = XMLMu(O, XMLSum(XML1, XMLSeq(XMLTree("1", XML1), XMLVar 0)))
xmltype
val t3 = XMLMu(O, XMLSum(XML1, XMLTree("1", XMLVar 0))) : xmltype

val d2 = DSum2(DSeq(DTree DVoid, DSum2(DSeq(DTree DVoid, DSuml DVoid))))
xmldata

val d3 = DSum2(DTree(DSum2(DTree(DSuml DVoid)))) : xmldata
val testO0 = true : bool

val testl = true : bool

val test2 = true : bool

val test3 = true : bool

val test4 = true : bool

val testb = true : bool

val test6 = true : bool

val test7 = true : bool

val test8 = true : bool

val test9 = true : bool

val testl0 = true : bool

val testll = true : bool

val testl2 = true : bool

19.4 Xml Data

The original xml-sequence and the serialized xml-data for the xml-type

t = catalog(uX.14+cd(title(string)artist(string)country(string)price(float)year(int))X)

are included below.
The xml-data uses + for e and - for <.

xml-sequence: xml-data:
<CATALOG> <

<CD> -<

<TITLE>Empire Burlesque</TITLE> <Empire Burlesque>
<ARTIST>Bob Dylan</ARTIST> <Bob Dylan>
<COUNTRY>USA</COUNTRY> <USA>

152



19.4 Xml Data

19

APPENDIX

<COMPANY>Columbia</COMPANY>
<PRICE>10.90</PRICE>
<YEAR>1985</YEAR>

</CD>

<CD>

<TITLE>Hide your heart</TITLE>
<ARTIST>Bonnie Tyler</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>CBS Records</COMPANY>
<PRICE>9.90</PRICE>
<YEAR>1988</YEAR>

</CD>

<CD>

<TITLE>Greatest Hits</TITLE>
<ARTIST>Dolly Parton</ARTIST>
<COUNTRY>USA</COUNTRY>
<COMPANY>RCA</COMPANY>
<PRICE>9.90</PRICE>
<YEAR>1982</YEAR>

</CD>

<CD>

<TITLE>Still got the blues</TITLE>
<ARTIST>Gary Moore</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Virgin records</COMPANY>
<PRICE>10.20</PRICE>
<YEAR>1990</YEAR>

</CD>

<CD>

<TITLE>Eros</TITLE>
<ARTIST>Eros Ramazzotti</ARTIST>
<COUNTRY>EU</COUNTRY>
<COMPANY>BMG</COMPANY>
<PRICE>9.90</PRICE>
<YEAR>1997</YEAR>

</CD>

<CD>

<TITLE>One night only</TITLE>
<ARTIST>Bee Gees</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Polydor</COMPANY>
<PRICE>10.90</PRICE>
<YEAR>1998</YEAR>

</CD>

<CD>

<TITLE>Sylvias Mother</TITLE>
<ARTIST>Dr.Hook</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>CBS</COMPANY>
<PRICE>8.10</PRICE>
<YEAR>1973</YEAR>

</CD>

<CD>

<TITLE>Maggie May</TITLE>
<ARTIST>Rod Stewart</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Pickwick</COMPANY>
<PRICE>8.50</PRICE>
<YEAR>1990</YEAR>

</CD>

<CD>

<TITLE>Romanza</TITLE>
<ARTIST>Andrea Bocelli</ARTIST>
<COUNTRY>EU</COUNTRY>
<COMPANY>Polydor</COMPANY>
<PRICE>10.80</PRICE>

<Columbia>
<10.90>

<1985>

>

-<

<Hide your heart>
<Bonnie Tyler>
<UK>

<CBS Records>
<9.90>

<1988>

>

-<

<Greatest Hits>
<Dolly Parton>
<USA>

<RCA>

<9.90>

<1982>

>

-<

<Still got the blues>
<Gary Moore>
<UK>

<Virgin records>
<10.20>

<1990>

>

-<

<Eros>

<Eros Ramazzotti>
<EU>

<BMG>

<9.90>

<1997>

>

-<

<0One night only>
<Bee Gees>

<UK>

<Polydor>
<10.90>

<1998>

>

-<

<Sylvias Mother>
<Dr.Hook>

<UK>

<CBS>

<8.10>

<1973>

>

-<

<Maggie May>
<Rod Stewart>
<UK>

<Pickwick>
<8.50>

<1990>

>

-<

<Romanza>
<Andrea Bocelli>
<EU>

<Polydor>
<10.80>
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<YEAR>1996</YEAR>

</CD>

<CD>

<TITLE>When a man loves a woman</TITLE>
<ARTIST>Percy Sledge</ARTIST>
<COUNTRY>USA</COUNTRY>
<COMPANY>Atlantic</COMPANY>
<PRICE>8.70</PRICE>
<YEAR>1987</YEAR>

</CD>

<CD>

<TITLE>Black angel</TITLE>
<ARTIST>Savage Rose</ARTIST>
<COUNTRY>EU</COUNTRY>
<COMPANY>Mega</COMPANY>
<PRICE>10.90</PRICE>
<YEAR>1995</YEAR>

</CD>

<CD>

<TITLE>1999 Grammy Nominees</TITLE>
<ARTIST>Many</ARTIST>
<COUNTRY>USA</COUNTRY>
<COMPANY>Grammy</COMPANY>
<PRICE>10.20</PRICE>
<YEAR>1999</YEAR>

</CD>

<CD>

<TITLE>For the good times</TITLE>
<ARTIST>Kenny Rogers</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Mucik Master</COMPANY>
<PRICE>8.70</PRICE>
<YEAR>1995</YEAR>

</CD>

<CD>

<TITLE>Big Willie style</TITLE>
<ARTIST>Will Smith</ARTIST>
<COUNTRY>USA</COUNTRY>
<COMPANY>Columbia</COMPANY>
<PRICE>9.90</PRICE>
<YEAR>1997</YEAR>

</CD>

<CD>

<TITLE>Tupelo Honey</TITLE>
<ARTIST>Van Morrison</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Polydor</COMPANY>
<PRICE>8.20</PRICE>
<YEAR>1971</YEAR>

</CD>

<CD>
<TITLE>Soulsville</TITLE>
<ARTIST>Jorn Hoel</ARTIST>
<COUNTRY>Norway</COUNTRY>
<COMPANY>WEA</COMPANY>
<PRICE>7.90</PRICE>
<YEAR>1996</YEAR>

</CD>

<CD>

<TITLE>The very best of</TITLE>
<ARTIST>Cat Stevens</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Island</COMPANY>
<PRICE>8.90</PRICE>
<YEAR>1990</YEAR>

</CD>

<1996>

>

-<

<When a man loves a woman>
<Percy Sledge>
<USA>
<Atlantic>
<8.70>

<1987>

>

-<

<Black angel>
<Savage Rose>
<EU>

<Mega>

<10.90>

<1995>

>

-<

<1999 Grammy Nominees>
<Many>

<USA>

<Grammy>
<10.20>

<1999>

>

-<

<For the good times>
<Kenny Rogers>
<UK>

<Mucik Master>
<8.70>

<1995>

>

-<

<Big Willie style>
<Will Smith>
<USA>
<Columbia>
<9.90>

<1997>

>

-<

<Tupelo Honey>
<Van Morrison>
<UK>

<Polydor>
<8.20>

<1971>

>

-<
<Soulsville>
<Jorn Hoel>
<Norway>

<WEA>

<7.90>

<1996>

>

-<

<The very best of>
<Cat Stevens>
<UK>

<Island>
<8.90>

<1990>

>
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<CD>

<TITLE>Stop</TITLE>
<ARTIST>Sam Brown</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>A and M</COMPANY>
<PRICE>8.90</PRICE>
<YEAR>1988</YEAR>

</CD>

<CD>

<TITLE>Bridge of Spies</TITLE>
<ARTIST>T’Pau</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Siren</COMPANY>
<PRICE>7.90</PRICE>
<YEAR>1987</YEAR>

</CD>

<CD>

<TITLE>Private Dancer</TITLE>
<ARTIST>Tina Turner</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>Capitol</COMPANY>
<PRICE>8.90</PRICE>
<YEAR>1983</YEAR>

</CD>

<CD>

<TITLE>Midt om natten</TITLE>
<ARTIST>Kim Larsen</ARTIST>
<COUNTRY>EU</COUNTRY>
<COMPANY>Medley</COMPANY>
<PRICE>7.80</PRICE>
<YEAR>1983</YEAR>

</CD>

<CD>

<TITLE>Pavarotti Gala Concert</TITLE>
<ARTIST>Luciano Pavarotti</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>DECCA</COMPANY>
<PRICE>9.90</PRICE>
<YEAR>1991</YEAR>

</CD>

<CD>

<TITLE>The dock of the bay</TITLE>
<ARTIST>Otis Redding</ARTIST>
<COUNTRY>USA</COUNTRY>
<COMPANY>Atlantic</COMPANY>
<PRICE>7.90</PRICE>
<YEAR>1987</YEAR>

</CD>

<CD>

<TITLE>Picture book</TITLE>
<ARTIST>Simply Red</ARTIST>
<COUNTRY>EU</COUNTRY>
<COMPANY>Elektra</COMPANY>
<PRICE>7.20</PRICE>
<YEAR>1985</YEAR>

</CD>

<CD>

<TITLE>Red</TITLE>
<ARTIST>The Communards</ARTIST>
<COUNTRY>UK</COUNTRY>
<COMPANY>London</COMPANY>
<PRICE>7.80</PRICE>
<YEAR>1987</YEAR>

</CD>

<CD>

<TITLE>Unchain my heart</TITLE>

-<

<Stop>

<Sam Brown>

<UK>

<A and M>

<8.90>

<1988>

>

-<

<Bridge of Spies>
<T’Pau>

<UK>

<Siren>

<7.90>

<1987>

>

-<

<Private Dancer>
<Tina Turner>
<UK>

<Capitol>

<8.90>

<1983>

>

-<

<Midt om natten>
<Kim Larsen>
<EU>

<Medley>

<7.80>

<1983>

>

-<

<Pavarotti Gala Concert>
<Luciano Pavarotti>
<UK>

<DECCA>

<9.90>

<1991>

>

-<

<The dock of the bay>
<0tis Redding>
<USA>

<Atlantic>
<7.90>

<1987>

>

-<

<Picture book>
<Simply Red>
<EU>

<Elektra>

<7.20>

<1985>

>

-<

<Red>

<The Communards>
<UK>

<London>

<7.80>

<1987>

>

-<

<Unchain my heart>

155



19.4 Xml Data

19

APPENDIX

<ARTIST>Joe Cocker</ARTIST>
<COUNTRY>USA</COUNTRY>
<COMPANY>EMI</COMPANY>
<PRICE>8.20</PRICE>
<YEAR>1987</YEAR>

</CD>

</CATALOG>

<Joe Cocker>
<USA>

<EMI>

<8.20>
<1987>

>

+- >
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